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Abstract 

We propose featured team automata to support variability in the development and analysis of teams, which are 
systems of reactive components that communicate according to specified synchronisation types. A featured team 
automaton concisely describes a family of concrete product models for specific configurations determined by 
feature selection. We focus on the analysis of communication-safety properties, but doing so product-wise quickly 
becomes impractical. Therefore, we investigate how to lift notions of receptiveness (no message loss) to the level 
of family models. We show that featured (weak) receptiveness of featured team automata characterises (weak) 
receptiveness for all product instantiations. A prototypical tool supports the developed theory. 
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❆❜str❛❝t✳ ❲❡ ♣r♦♣♦s❡ ❢❡❛t✉r❡❞ t❡❛♠ ❛✉t♦♠❛t❛ t♦ s✉♣♣♦rt ✈❛r✐❛❜✐❧✐t②
✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❡❛♠s✱ ✇❤✐❝❤ ❛r❡ s②st❡♠s ♦❢ r❡❛❝✲
t✐✈❡ ❝♦♠♣♦♥❡♥ts t❤❛t ❝♦♠♠✉♥✐❝❛t❡ ❛❝❝♦r❞✐♥❣ t♦ s♣❡❝✐✜❡❞ s②♥❝❤r♦♥✐s❛✲
t✐♦♥ t②♣❡s✳ ❆ ❢❡❛t✉r❡❞ t❡❛♠ ❛✉t♦♠❛t♦♥ ❝♦♥❝✐s❡❧② ❞❡s❝r✐❜❡s ❛ ❢❛♠✐❧② ♦❢
❝♦♥❝r❡t❡ ♣r♦❞✉❝t ♠♦❞❡❧s ❢♦r s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥s ❞❡t❡r♠✐♥❡❞ ❜② ❢❡❛t✉r❡
s❡❧❡❝t✐♦♥✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛❢❡t② ♣r♦♣❡rt✐❡s✱
❜✉t ❞♦✐♥❣ s♦ ♣r♦❞✉❝t✲✇✐s❡ q✉✐❝❦❧② ❜❡❝♦♠❡s ✐♠♣r❛❝t✐❝❛❧✳ ❚❤❡r❡❢♦r❡✱ ✇❡
✐♥✈❡st✐❣❛t❡ ❤♦✇ t♦ ❧✐❢t ♥♦t✐♦♥s ♦❢ r❡❝❡♣t✐✈❡♥❡ss ✭♥♦ ♠❡ss❛❣❡ ❧♦ss✮ t♦ t❤❡
❧❡✈❡❧ ♦❢ ❢❛♠✐❧② ♠♦❞❡❧s✳ ❲❡ s❤♦✇ t❤❛t ❢❡❛t✉r❡❞ ✭✇❡❛❦✮ r❡❝❡♣t✐✈❡♥❡ss ♦❢ ❢❡❛✲
t✉r❡❞ t❡❛♠ ❛✉t♦♠❛t❛ ❝❤❛r❛❝t❡r✐s❡s ✭✇❡❛❦✮ r❡❝❡♣t✐✈❡♥❡ss ❢♦r ❛❧❧ ♣r♦❞✉❝t
✐♥st❛♥t✐❛t✐♦♥s✳ ❆ ♣r♦t♦t②♣✐❝❛❧ t♦♦❧ s✉♣♣♦rts t❤❡ ❞❡✈❡❧♦♣❡❞ t❤❡♦r②✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❡❛♠ ❛✉t♦♠❛t❛✱ ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♠♣✉t❡r s✉♣♣♦rt❡❞ ❝♦✲
♦♣❡r❛t✐✈❡ ✇♦r❦ t♦ ♠♦❞❡❧ ❣r♦✉♣✇❛r❡ s②st❡♠s ❬✷✺❪✱ ❛r❡ ❢♦r♠❛❧✐s❡❞ ❛s ❛ t❤❡♦r❡t✐❝❛❧
❢r❛♠❡✇♦r❦ t♦ st✉❞② s②♥❝❤r♦♥✐s❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ✐♥ s②st❡♠ ♠♦❞❡❧s ❬✽❪✳ ❚❡❛♠ ❛✉✲
t♦♠❛t❛ r❡♣r❡s❡♥t ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ■✴❖ ❛✉t♦♠❛t❛ ❬✶✶❪✳ ❚❤❡✐r ❞✐st✐♥❣✉✐s❤✐♥❣ ❢❡❛t✉r❡
✐s t❤❡ ❧♦♦s❡ ♥❛t✉r❡ ♦❢ s②♥❝❤r♦♥✐s❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ❛♥② ♥✉♠✲
❜❡r ♦❢ ❝♦♠♣♦♥❡♥t ❛✉t♦♠❛t❛ ❝❛♥ ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡ s②♥❝❤r♦♥✐s❡❞ ❡①❡❝✉t✐♦♥ ♦❢ ❛
s❤❛r❡❞ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❛❝t✐♦♥✱ ❡✐t❤❡r ❛s ❛ s❡♥❞❡r ♦r ❛s ❛ r❡❝❡✐✈❡r✳ ❚❡❛♠ ❛✉t♦♠❛t❛
❝❛♥ ❞❡t❡r♠✐♥❡ s♣❡❝✐✜❝ s②♥❝❤r♦♥✐s❛t✐♦♥ ♣♦❧✐❝✐❡s ❞❡✜♥✐♥❣ ✇❤❡♥ ❛♥❞ ✇❤✐❝❤ ❛❝t✐♦♥s
❛r❡ ❡①❡❝✉t❡❞ ❛♥❞ ❜② ❤♦✇ ♠❛♥② ❝♦♠♣♦♥❡♥ts✳ ❙②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡s ❝❧❛ss✐❢② t❤❡
♣♦❧✐❝✐❡s r❡❛❧✐s❛❜❧❡ ✐♥ t❡❛♠ ❛✉t♦♠❛t❛ ✭❡✳❣✳✱ ♣❡❡r✲t♦✲♣❡❡r ♦r ❜r♦❛❞❝❛st ❝♦♠♠✉♥✐❝❛✲
t✐♦♥✮ ✐♥ t❡r♠s ♦❢ r❛♥❣❡s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ s❡♥❞❡r ❛♥❞ r❡❝❡✐✈❡r ❝♦♠♣♦♥❡♥ts t❤❛t
❝❛♥ ♣❛rt✐❝✐♣❛t❡ ✐♥ ❛ s②♥❝❤r♦♥✐s❛t✐♦♥ ❬✻❪✳ ■♥ ❡①t❡♥❞❡❞ t❡❛♠ ❛✉t♦♠❛t❛ ✭❊❚❆✮ ❬✶✵❪✱
s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡ s♣❡❝✐✜❝❛t✐♦♥s ✭❙❚❙✮ ✐♥❞✐✈✐❞✉❛❧❧② ❛ss✐❣♥ ❛ s②♥❝❤r♦♥✐s❛t✐♦♥
t②♣❡ t♦ ❡❛❝❤ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❛❝t✐♦♥✳ ❙✉❝❤ ❛ s♣❡❝✐✜❝❛t✐♦♥ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡s ❛
t❡❛♠ ❛♥❞ ❣✐✈❡s r✐s❡ t♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡q✉✐r❡♠❡♥ts t♦ ❜❡ s❛t✐s✜❡❞ ❜② t❤❡ t❡❛♠✳

❋♦r s②st❡♠s ❝♦♠♣♦s❡❞ ❜② ❝♦♠♣♦♥❡♥ts ❝♦♠♠✉♥✐❝❛t✐♥❣ ✈✐❛ ♠❡ss❛❣❡ ❡①❝❤❛♥❣❡✱
✐t ✐s ❞❡s✐r❛❜❧❡ t♦ ❣✉❛r❛♥t❡❡ ❛❜s❡♥❝❡ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢❛✐❧✉r❡s✱ ❧✐❦❡ ♠❡ss❛❣❡ ❧♦ss
✭t②♣✐❝❛❧❧② ♦✉t♣✉t ♥♦t r❡❝❡✐✈❡❞ ❛s ✐♥♣✉t✱ ✈✐♦❧❛t✐♥❣ r❡❝❡♣t✐✈❡♥❡ss✮ ♦r ✐♥❞❡✜♥✐t❡
✇❛✐t✐♥❣ ✭t②♣✐❝❛❧❧② ❢♦r ✐♥♣✉t t❤❛t ♥❡✈❡r ❛rr✐✈❡s✱ ✈✐♦❧❛t✐♥❣ r❡s♣♦♥s✐✈❡♥❡ss✮✳ ❚❤✐s
r❡q✉✐r❡s ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥ ♣♦❧✐❝✐❡s t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②
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♦❢ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❝♦♠♣♦♥❡♥ts ❬✷✷✱✶✹✱✷✾❪❀ ❢♦r t❡❛♠ ❛✉t♦♠❛t❛ t❤✐s ✇❛s ✜rst st✉❞✲
✐❡❞ ❢♦r ❢✉❧❧ s②♥❝❤r♦♥♦✉s ♣r♦❞✉❝ts ♦❢ ❝♦♠♣♦♥❡♥t ❛✉t♦♠❛t❛ ✐♥ ❬✶✺❪✳ ❙✉❜s❡q✉❡♥t❧②✱
❛ ❣❡♥❡r✐❝ ♣r♦❝❡❞✉r❡ t♦ ❞❡r✐✈❡ r❡q✉✐r❡♠❡♥ts ❢♦r r❡❝❡♣t✐✈❡♥❡ss ❛♥❞ r❡s♣♦♥s✐✈❡✲
♥❡ss ❢♦r ❡❛❝❤ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡ ✇❛s ❞❡✜♥❡❞✱ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛❢❡t② ♦❢
✭❡①t❡♥❞❡❞✮ t❡❛♠ ❛✉t♦♠❛t❛ ✇❛s ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ s✉❝❤ r❡✲
q✉✐r❡♠❡♥ts ❬✻✱✶✵❪✳ ❆ t❡❛♠ ❛✉t♦♠❛t♦♥ ✐s ❝❛❧❧❡❞ ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛ ❣✐✈❡♥ s❡t ♦❢
❝♦♠♠✉♥✐❝❛t✐♦♥ r❡q✉✐r❡♠❡♥ts ✐❢ ✐♥ ❡❛❝❤ r❡❛❝❤❛❜❧❡ st❛t❡ t❤❡ r❡q✉✐r❡♠❡♥ts ❛r❡ ♠❡t
✭✐✳❡✳ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s s❛❢❡✮✳ ■❢ t❤❡ r❡q✉✐r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❛♥♥♦t ♦❝❝✉r ✐♠✲
♠❡❞✐❛t❡❧②✱ ❜✉t ♦♥❧② ❛❢t❡r s♦♠❡ ❛r❜✐tr❛r② ♦t❤❡r ❛❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡①❡❝✉t❡❞✱ t❤❡
t❡❛♠ ❛✉t♦♠❛t♦♥ ✐s ❝❛❧❧❡❞ ✇❡❛❦❧② ❝♦♠♣❧✐❛♥t ✭❛❦✐♥ t♦ ✇❡❛❦ ❝♦♠♣❛t✐❜✐❧✐t② ❬✺✱✷✽❪
♦r ❛❣r❡❡♠❡♥t ♦❢ ❧❛③② r❡q✉❡st ❛❝t✐♦♥s ❬✸❪✮✳

▼❛♥② ♦❢ t♦❞❛②✬s s♦❢t✇❛r❡ s②st❡♠s ❛r❡ ❤✐❣❤❧② ❝♦♥✜❣✉r❛❜❧❡✱ ✈❛r✐❛♥t✲r✐❝❤ s②s✲
t❡♠s✱ ❞❡✈❡❧♦♣❡❞ ❛s ❛ s♦❢t✇❛r❡ ♣r♦❞✉❝t ❧✐♥❡ ✭❙P▲✮ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ✈❛r✐❛❜✐❧✐t② ✐♥
t❡r♠s ♦❢ ❢❡❛t✉r❡s t❤❛t ❝♦♥❝❡♣t✉❛❧✐s❡ ♣✐❡❝❡s ♦❢ s②st❡♠ ❢✉♥❝t✐♦♥❛❧✐t② ♦r ❛s♣❡❝ts t❤❛t
❛r❡ r❡❧❡✈❛♥t t♦ t❤❡ st❛❦❡❤♦❧❞❡rs ❬✶❪✳ ❋♦r♠❛❧ ♠♦❞❡❧s ♦❢ ❙P▲ ❜❡❤❛✈✐♦✉r ❛r❡ st✉❞✲
✐❡❞ ❡①t❡♥s✐✈❡❧②✳ ❙✉❝❤ ✈❛r✐❛❜✐❧✐t②✲r✐❝❤ ❜❡❤❛✈✐♦✉r❛❧ ♠♦❞❡❧s ❛r❡ ♦❢t❡♥ ❜❛s❡❞ ♦♥ t❤❡
s✉♣❡r✐♠♣♦s✐t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡ ♣r♦❞✉❝t ♠♦❞❡❧s ✐♥ ❛ s✐♥❣❧❡ ❢❛♠✐❧② ♠♦❞❡❧✱ ❡q✉✐♣♣❡❞
✇✐t❤ ❢❡❛t✉r❡✲❜❛s❡❞ ✈❛r✐❛❜✐❧✐t② s✉❝❤ t❤❛t ❡❛❝❤ ♣r♦❞✉❝t ♠♦❞❡❧ ❝♦rr❡s♣♦♥❞s t♦ ❛
❞✐✛❡r❡♥t ❝♦♥✜❣✉r❛t✐♦♥✳ ❆r❣✉❛❜❧② t❤❡ ❜❡st ❦♥♦✇♥ ♠♦❞❡❧s ❛r❡ ❢❡❛t✉r❡❞ tr❛♥s✐t✐♦♥
s②st❡♠s ✭❢❚❙s✮ ❬✷✵✱✶✽✱✶✾❪ ❛♥❞ ♠♦❞❛❧ tr❛♥s✐t✐♦♥ s②st❡♠s ❬✷✼✱✷✻❪✱ ♣♦ss✐❜❧② ✇✐t❤
✈❛r✐❛❜✐❧✐t② ❝♦♥str❛✐♥ts ❬✷✱✾❪✱ ❜✉t ❛❧s♦ ■✴❖ ❛✉t♦♠❛t❛ ❬✷✾✱✸✵❪✱ P❡tr✐ ♥❡ts ❬✸✹✱✸✸❪ ❛♥❞
❝♦♥tr❛❝t ❛✉t♦♠❛t❛ ❬✹✱✸❪ ❤❛✈❡ ❜❡❡♥ ❡q✉✐♣♣❡❞ ✇✐t❤ ✈❛r✐❛❜✐❧✐t②✳ ❆♥ ❢❚❙ ✐s ❛ ❧❛❜❡❧❧❡❞
tr❛♥s✐t✐♦♥ s②st❡♠ ✭▲❚❙✮ ✇❤♦s❡ tr❛♥s✐t✐♦♥s ❛r❡ ❛♥♥♦t❛t❡❞ ✇✐t❤ ❢❡❛t✉r❡ ❡①♣r❡s✲
s✐♦♥s t❤❛t ❛r❡ ❇♦♦❧❡❛♥ ❡①♣r❡ss✐♦♥s ♦✈❡r ❢❡❛t✉r❡s✱ ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢
tr❛♥s✐t✐♦♥s ✐♥ ♣r♦❞✉❝t ♠♦❞❡❧s✱ ❛♥❞ ❛ ❢❡❛t✉r❡ ♠♦❞❡❧✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s t❤❡ s❡t ♦❢
✈❛❧✐❞ ♣r♦❞✉❝t ♠♦❞❡❧s ✭❝♦♥✜❣✉r❛t✐♦♥s✮ ♦❢ t❤❡ ❢❛♠✐❧② ♠♦❞❡❧✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ ❢❛♠✐❧②
♠♦❞❡❧s ✐s ❝❤❛❧❧❡♥❣✐♥❣ ❞✉❡ t♦ t❤❡✐r ✐♥♥❛t❡ ✈❛r✐❛❜✐❧✐t②✱ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐✲
❜❧❡ ♣r♦❞✉❝t ♠♦❞❡❧s ♠❛② ❜❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❢❡❛t✉r❡s✳ ■♥ ♣❛rt✐❝✉❧❛r
❢♦r ❧❛r❣❡r ♠♦❞❡❧s✱ ❡♥✉♠❡r❛t✐✈❡ ♣r♦❞✉❝t✲❜②✲♣r♦❞✉❝t ❛♥❛❧②s✐s ❜❡❝♦♠❡s ✉♥❢❡❛s✐❜❧❡❀
t❤✉s✱ ❞❡❞✐❝❛t❡❞ ❢❛♠✐❧②✲❜❛s❡❞ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡s ❛♥❞ t♦♦❧s✱ ✇❤✐❝❤ ❡①♣❧♦✐t ✈❛r✐✲
❛❜✐❧✐t② ✐♥ t❡r♠s ♦❢ ❢❡❛t✉r❡s✱ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❬✷✵✱✷✶✱✸✼✱✸✻✱✷✹✱✶✸✱✶✼✱✶✻✱✶✷✱✷✸❪✳

▼♦t✐✈❛t✐♦♥ ❢❚❙s ❤❛✈❡ ♠♦st❧② ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❢❛♠✐❧✐❡s ♦❢ ❝♦♥✲
✜❣✉r❛❜❧❡ ❝♦♠♣♦♥❡♥ts✳ ▲❡ss ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ♣❛✐❞ ♦♥ t❤❡✐r ♣❛r❛❧❧❡❧ ❡①❡❝✉t✐♦♥✱
✐♥ ♣❛rt✐❝✉❧❛r ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s②st❡♠s ♦❢ r❡❛❝t✐✈❡✱ ❝♦♥❝✉rr❡♥t❧② r✉♥♥✐♥❣ ❝♦♠♣♦✲
♥❡♥ts✱ ✇❤❡r❡ ✐♥t❡r❛❝t✐♦♥ ✐s ❛ ❝r✉❝✐❛❧ ✐ss✉❡✱ ♦❢t❡♥ r❡❛❧✐s❡❞ ❜② ♠❡ss❛❣❡ ❡①❝❤❛♥❣❡✳
❋♦r t❤✐s✱ ✇❡ ♥❡❡❞ ✐✮ t♦ ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ s❡♥❞❡rs ❛♥❞ r❡❝❡✐✈❡rs ❛♥❞ t❤✉s ❜❡✲
t✇❡❡♥ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❛❝t✐♦♥s ✐♥ ❢❚❙s✱ ❛♥❞ ✐✐✮ ❛ ✢❡①✐❜❧❡ s②♥❝❤r♦♥✐s❛t✐♦♥ ♠❡❝❤✲
❛♥✐s♠✱ ♥♦t ♥❡❝❡ss❛r✐❧② ♣❡❡r✲t♦✲♣❡❡r✱ ❢♦r s❡ts ♦❢ ❢❚❙s✱ ❝❛❧❧❡❞ ✭❢❡❛t✉r❡❞✮ s②st❡♠s✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t②♣❡ ♦❢ s②♥❝❤r♦♥✐s❛t✐♦♥ s❤♦✉❧❞ r❡♠❛✐♥ ✈❛r✐❛❜❧❡✱ ❞❡♣❡♥❞✐♥❣
♦♥ s❡❧❡❝t❡❞ ❢❡❛t✉r❡s ✭♣r♦❞✉❝ts✮✳ ■♠♣♦rt❛♥t q✉❡st✐♦♥s ❢♦r ❛♥❛❧②s✐s ♦❢ s✉❝❤ s②s✲
t❡♠s ❝♦♥❝❡r♥ ❜❡❤❛✈✐♦✉r❛❧ ❝♦♠♣❛t✐❜✐❧✐t② ✭❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛❢❡t②✮✳ ❆s ♠❡♥t✐♦♥❡❞
❛❜♦✈❡✱ ❝♦♠♣♦s✐t✐♦♥❛❧✐t② ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛❢❡t② ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❡①t❡♥s✐✈❡❧②
✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r ❛ ✈❛r✐❡t② ♦❢ ❢♦r♠❛❧ ✭❛✉t♦♠❛t❛✲❜❛s❡❞✮ ♠♦❞❡❧s✱ ❜✉t✖t♦ t❤❡
❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✖♥♦t ❝♦♥s✐❞❡r✐♥❣ ✈❛r✐❛❜✐❧✐t②✳ ❚❤✉s✱ ✇❡ ♥❡❡❞ ❛ ♠❡❛♥s t♦
❞❡✜♥❡ ❛♥❞ ✈❡r✐❢② ❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛❢❡t② ❢♦r s②st❡♠s ♦❢ ❢❚❙s✱ ✐❞❡❛❧❧② ♣❡r❢♦r♠✐♥❣



❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛ ✸

❛♥❛❧②s❡s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ❢❡❛t✉r❡❞ s②st❡♠s s✉❝❤ t❤❛t t❤❡ r❡s♣❡❝t✐✈❡ ♣r♦♣❡rt✐❡s ❛r❡
❛✉t♦♠❛t✐❝❛❧❧② ❣✉❛r❛♥t❡❡❞ ❢♦r ❛♥② ♣r♦❞✉❝t ✐♥st❛♥t✐❛t✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s
♦♥ t❤❡ ♣r♦♣❡rt② ♦❢ ✭✇❡❛❦✮ r❡❝❡♣t✐✈❡♥❡ss✳

❘✉♥♥✐♥❣ ❊①❛♠♣❧❡ ❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♥✜❣✉r❛❜❧❡ ❛❝❝❡ss ♠❛♥❛❣❡♠❡♥t s②st❡♠ ❝♦♥✲
s✐st✐♥❣ ♦❢ ❛ s❡r✈❡r ❛♥❞ ✉s❡rs ✇❤♦ ❝❛♥ ❡✐t❤❡r ❧♦❣✐♥ ✇✐t❤ s❡❝✉r❡ ❛✉t❤❡♥t✐❝❛t✐♦♥ ♦r
✇✐t❤♦✉t ✭♦♣❡♥ ❛❝❝❡ss✮✳ ❈♦♥❝r❡t❡ ❛✉t♦♠❛t❛ ❝❛♣t✉r✐♥❣ ✉s❡r ❛♥❞ s❡r✈❡r ❜❡❤❛✈✐♦✉r
❛r❡ s♣❡❝✐✜❡❞ ❛s ❢❛♠✐❧② ♠♦❞❡❧s ✇❤♦s❡ ♣r♦❞✉❝t ♠♦❞❡❧s ❝♦rr❡s♣♦♥❞ t♦ ❝♦♥✜❣✉r❛✲
t✐♦♥s ✇✐t❤ ♦r ✇✐t❤♦✉t s❡❝✉r❡ ❛✉t❤❡♥t✐❝❛t✐♦♥✳

❋✐❣✳ ✶ s❤♦✇s t✇♦ ❢❚❙s✿ ❛ ❢❛♠✐❧② ♠♦❞❡❧ ♦❢ ✉s❡r ❝♦♠♣♦♥❡♥ts ✭❋✐❣✳ ✶❛✮ ❛♥❞ ❛
❢❛♠✐❧② ♠♦❞❡❧ ♦❢ s❡r✈❡r ❝♦♠♣♦♥❡♥ts ✭❋✐❣✳ ✶❜✮✱ ❛s ✇❡❧❧ ❛s ❛ ❢❡❛t✉r❡ ♠♦❞❡❧ fm =
µ⊕b✳ ❚❤❡ ❢❡❛t✉r❡ ♠♦❞❡❧ ❡①♣r❡ss❡s ❛♥ ❡①❝❧✉s✐✈❡ ❝❤♦✐❝❡ ♦❢ t✇♦ ❢❡❛t✉r❡s✱ µ ❛♥❞
b✱ r❡♣r❡s❡♥t✐♥❣ ❛❝❝❡ss ✇✐t❤ ♦r ✇✐t❤♦✉t s❡❝✉r❡ ❛✉t❤❡♥t✐❝❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
❞❡✜♥❡s t✇♦ ✈❛❧✐❞ ♣r♦❞✉❝ts ✭s❡ts ♦❢ ❢❡❛t✉r❡s✮✿ {µ} ❛♥❞ {b}✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t
t❤❡ s❡r✈❡r ♠✉st ❝♦♥✜r♠ ❧♦❣✐♥ ❛❝❝❡ss ♦♥❧② ❢♦r s❡❝✉r❡ ❛✉t❤❡♥t✐❝❛t✐♦♥✳ ❚❤✉s✱ ❡❛❝❤
tr❛♥s✐t✐♦♥ ✐s ❛♥♥♦t❛t❡❞ ✇✐t❤ ❛ ❝♦♥str❛✐♥t✱ ❞❡♥♦t❡❞ ❜② ❛ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ✐♥
sq✉❛r❡ ❜r❛❝❦❡ts ✭❡✳❣✳✱ [µ]✮✱ t♦ ✐♥❞✐❝❛t❡ t❤❡ ♣r♦❞✉❝t✭s✮ t❤❛t ❛❧❧♦✇ t❤✐s tr❛♥s✐t✐♦♥✳

❆ ✉s❡r st❛rts ✐♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡ 0✱ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✐♥❝♦♠✐♥❣ ❛rr♦✇✱ ✐♥ ✇❤✐❝❤
♦♥❧② t❤❡ ❛❝t✐♦♥ join! ❝❛♥ ❜❡ ❡①❡❝✉t❡❞✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣❡❝✐✜❝ ♣r♦❞✉❝t✱ t❤✐s
r❡s✉❧ts ✐♥ ❛ ♠♦✈❡ t♦ st❛t❡ 1 ✭✐❢ ❢❡❛t✉r❡ µ ✐s ♣r❡s❡♥t✮ ♦r t♦ st❛t❡ 2 ✭✐❢ b ✐s ♣r❡s❡♥t✮✳
❋r♦♠ st❛t❡ 2✱ ❛ ✉s❡r ❝❛♥ ♠♦✈❡ ❜❛❝❦ t♦ st❛t❡ 0 ❜② ❡①❡❝✉t✐♥❣ ❛❝t✐♦♥ leave!✱ ✐♥ ❡✐t❤❡r
♣r♦❞✉❝t✱ ❛s ❡♥❛❜❧❡❞ ❜② t❤❡ tr❛♥s✐t✐♦♥ ❝♦♥str❛✐♥t [⊤] ✭❞❡♥♦t✐♥❣ tr✉t❤ ✈❛❧✉❡ tr✉❡✮✳
■♥ st❛t❡ 1✱ ✇❤✐❝❤ ✐s ♦♥❧② ♣r❡s❡♥t ❢♦r t❤❡ ♣r♦❞✉❝t ✇✐t❤ s❡❝✉r❡ ❛✉t❤❡♥t✐❝❛t✐♦♥✱ t❤❡
✉s❡r ✇❛✐ts ❢♦r ❡①♣❧✐❝✐t ❝♦♥✜r♠❛t✐♦♥ ♦❢ ❧♦❣✐♥ ❛❝❝❡ss ❢r♦♠ t❤❡ s❡r✈❡r✳

❋✐❣s✳ ✷❛ ❛♥❞ ✷❝ s❤♦✇ t❤❡ ▲❚❙s r❡♣r❡s❡♥t✐♥❣ t❤❡ ✉s❡r ♣r♦❞✉❝t ♠♦❞❡❧s✱ ✇❤✐❝❤
r❡s✉❧t ❢r♦♠ ♣r♦❥❡❝t✐♥❣ t❤❡ ✉s❡r ❢❚❙ ✐♥ ❋✐❣✳ ✶❛ ♦♥t♦ ✐ts s❡t ♦❢ ✈❛❧✐❞ ♣r♦❞✉❝ts✳
❙✐♠✐❧❛r❧②✱ ❋✐❣s✳ ✷❜ ❛♥❞ ✷❞ s❤♦✇ t❤❡ ▲❚❙s ♦❢ t❤❡ s❡r✈❡r ♣r♦❞✉❝t ♠♦❞❡❧s✱ ♣r♦❥❡❝t✐♥❣
t❤❡ s❡r✈❡r ❢❚❙ ♦♥t♦ ✐ts t✇♦ ✈❛❧✐❞ ♣r♦❞✉❝ts✳

0 2

1
[µ] join!

[b] join!

[µ] confirm?

[⊤] leave!

fm = µ ⊕ b

✭❛✮ Us❡r

0 1[b] join? [⊤] leave?

[µ] join?

[µ] confirm!

✭❜✮ S❡r✈❡r

❋✐❣✳ ✶✿ ❋❛♠✐❧② ♠♦❞❡❧s ♦❢ ✉s❡rs U ❛♥❞ s❡r✈❡rs S ❛♥❞ ❛ s❤❛r❡❞ ❢❡❛t✉r❡ ♠♦❞❡❧ fm

0 2

1
join! confirm?

leave!

✭❛✮ U⇂
µ

0 1leave?

join?

confirm!

✭❜✮ S⇂
µ

0 2
join!

leave!

✭❝✮ U⇂
b

0

join?

leave?

✭❞✮ S⇂
b

❋✐❣✳ ✷✿ Pr♦❞✉❝t ♠♦❞❡❧s ♦❢ ✉s❡rs ❛♥❞ s❡r✈❡rs ✭♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧s ✐♥ ❋✐❣✳ ✶✮



✹ t❡r ❇❡❡❦✱ ❈❧❡❞♦✉✱ ❍❡♥♥✐❝❦❡r✱ Pr♦❡♥ç❛

❈♦♠♣♦♥❡♥ts ✭➓✸✳✶✮ ❙②st❡♠s ✭➓✸✳✶✮ ❚❡❛♠s ✭➓✸✳✷✱ ❚❤♠✳ ✶✮ ❘❡❝❡♣t✐✈❡♥❡ss ✭➓✹✮

Pr❡✈✐♦✉s
✇♦r❦ ❬✶✵❪✿

❈✉rr❡♥t
♣❛♣❡r✿ A : fCA S=(Ai)i∈N : ❢❙②s

A⇂p :CA S⇂p=(Ai⇂p)i∈N :❙②s

fETA× fReqs

ETA×Reqs

❢❡❛t✉r❡❞
✭✇❡❛❦❧②✮
r❡❝❡♣t✐✈❡

✭✇❡❛❦❧②✮
r❡❝❡♣t✐✈❡

❚❤♠✳ ✷

❢st:fSTS

st:❙❚❙

⇂p ⇂p ⇂p⇂p

❋✐❣✳ ✸✿ ❖✈❡r✈✐❡✇ ♦❢ t❤✐s ♣❛♣❡r✱ ✉s✐♥❣ ❛ ✈❛❧✐❞ ♣r♦❞✉❝t p

❈♦♥tr✐❜✉t✐♦♥ ❋✐❣✳ ✸ ✐❧❧✉str❛t❡s t❤❡ ❝♦♥t❡♥ts ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ♣❛♣❡r✱
✇❤✐❝❤ ✇❡ ♥♦✇ ❡①♣❧❛✐♥ ❛♥❞ r❡❧❛t❡ t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ❡①t❡♥❞ ❬✶✵❪✱ ❜② ❡♥r✐❝❤✐♥❣ ❊❚❆ ✇✐t❤ ✈❛r✐❛❜✐❧✐t②✱ ♣r♦♣♦s✐♥❣ ❛ ♥❡✇ ♠♦❞❡❧ ❝❛❧❧❡❞
❢❡❛t✉r❡❞ ❊❚❆ ✭❢❊❚❆✮ t♦ ❛❧❧♦✇ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢✖❛♥❞ r❡❛s♦♥✐♥❣ ♦♥✖❛ ❢❛♠✐❧②
♦❢ ❊❚❆ ♣❛r❛♠❡t❡r✐s❡❞ ❜② ❛ s❡t ♦❢ ❢❡❛t✉r❡s✳ ❲❡ ❞❡✜♥❡ ♣r♦❥❡❝t✐♦♥s ⇂p ✭❢♦r ❛♥② ✈❛❧✐❞
♣r♦❞✉❝t p✮ t♦ r❡❧❛t❡ t❤❡ ❢❡❛t✉r❡❞ s❡tt✐♥❣ ♦❢ t❤✐s ♣❛♣❡r t♦ t❤❛t ✇✐t❤♦✉t ✐♥ ❬✶✵❪✳

❋✐rst✱ ✇❡ ❡①t❡♥❞ ❝♦♠♣♦♥❡♥t ❛✉t♦♠❛t❛ ✭❈❆✮✱ t❤❡ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ♦❢ ✭❡①t❡♥❞❡❞✮
t❡❛♠ ❛✉t♦♠❛t❛✱ ✇✐t❤ ✈❛r✐❛❜✐❧✐t②✱ r❡s✉❧t✐♥❣ ✐♥ ❢❚❙s ✇✐t❤ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❛❝t✐♦♥s✱
❝❛❧❧❡❞ ❢❡❛t✉r❡❞ ❈❆ ✭❢❈❆✮✳ ❇❛s✐❝❛❧❧②✱ ❈❆ ❛r❡ ▲❚❙s t❤❛t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ✐♥✲
♣✉t ❛♥❞ ♦✉t♣✉t ❛❝t✐♦♥s ✭❛♥❞ ✐♥t❡r♥❛❧ ❛❝t✐♦♥s✱ ♦♠✐tt❡❞ ✐♥ t❤✐s ♣❛♣❡r✮ ❛♥❞ ✇❤✐❝❤
❝❛♣t✉r❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ❝♦♠♣♦♥❡♥t✳ ❚❤❡ ❢❚❙s ✐♥ t❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ ❛r❡
❢❈❆ ✐♥ ✇❤✐❝❤ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❛❝t✐♦♥s ❛r❡ ❛♣♣❡♥❞❡❞ ❜② ! ❛♥❞ ?✱ r❡s♣❡❝t✐✈❡❧②✳
▼✉❧t✐♣❧❡ ❈❆ ❝❛♥ r✉♥ ✐♥ ♣❛r❛❧❧❡❧ t♦ ❢♦r♠ ❛ s②st❡♠ ✭❙②s ✐♥ ❋✐❣✳ ✸✮ ♦❢ t❤❡ ❈❆❀ ✇❡
♣r♦♣♦s❡ ❛ ❢❡❛t✉r❡❞ s②st❡♠ ✭❢❙②s✮ t♦ ❝♦♥s✐st ♦❢ ❢❈❆ ✐♥st❡❛❞ ♦❢ ❈❆✳

●✐✈❡♥ ❛ s②st❡♠ ❛♥❞ ❛ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡ s♣❡❝✐✜❝❛t✐♦♥ ✭❙❚❙✮✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❣❡♥❡r❛t❡ ❛♥ ❊❚❆ ❛♥❞ ❞❡r✐✈❡ r❡❝❡♣t✐✈❡♥❡ss r❡q✉✐r❡♠❡♥ts ✭❘❡qs✮✱ ❛♥❞ st✉❞②
✇❤❡t❤❡r t❤❡ ❊❚❆ ✐s ✭✇❡❛❦❧②✮ ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛❧❧ s✉❝❤ ❘❡qs✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✐t
✐s ❝❛❧❧❡❞ ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡✳ ❆♥ ❊❚❆ ✐s ❛♥ ▲❚❙ t❤❛t r❡str✐❝ts ❤♦✇ ❈❆ ✐♥ t❤❡
s②st❡♠ ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ ❜❛s❡❞ ♦♥ t❤❡ ❙❚❙✳ ❲❡ ♣r♦♣♦s❡ ❛ ❢❡❛t✉r❡❞ ❙❚❙ ✭❢❙❚❙✮
t♦ ♣❛r❛♠❡t❡r✐s❡ ❛♥ ❙❚❙ ✇✐t❤ ✈❛r✐❛❜✐❧✐t②✱ ❣✐✈✐♥❣ r✐s❡ t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❢❊❚❆
❛♥❞ ❢❡❛t✉r❡❞ ❘❡qs ✭❢❘❡qs✮✳ ■❢ t❤❡ ❢❊❚❆ ✐s ❢❡❛t✉r❡❞ ✭✇❡❛❦❧②✮ ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛❧❧
s✉❝❤ ❢❘❡qs✱ ✐t ✐s ❝❛❧❧❡❞ ❢❡❛t✉r❡❞ ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡✳

❲❤✐❧❡ t❤❡ ❡①t❡♥s✐♦♥ ❢r♦♠ ❈❆ t♦ ❢❈❆ ✭❛♥❞ ❢r♦♠ s②st❡♠s t♦ ❢❡❛t✉r❡❞ s②st❡♠s✮
✐s r❛t❤❡r str❛✐❣❤t❢♦r✇❛r❞✱ ❢❊❚❆ ❛r❡ ♥♦t s✐♠♣❧❡ ❡①t❡♥s✐♦♥s ♦❢ ❊❚❆✿ t❤❡ ❢❙❚❙s
❣✐✈✐♥❣ r✐s❡ t♦ ❢❊❚❆ ❛r❡ ❛ ♥♦♥tr✐✈✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❙❚❙s ❢♦r ❊❚❆✱ ♣❛rt✐❛❧❧② ❞✉❡
t♦ t❤❡ ✈❛r✐❛❜✐❧✐t② ✐♥ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡s✳ ❖✉r ✜rst r❡s✉❧t ✭❚❤❡♦r❡♠ ✶✮ ❝♦♥✜r♠s
t❤❡ s♦✉♥❞♥❡ss ♦❢ ♦✉r ❡①t❡♥s✐♦♥✳ ❖✉r ♠❛✐♥ r❡s✉❧t ✭❚❤❡♦r❡♠ ✷✮ ✐s t❤❛t ❢❡❛t✉r❡❞
✭✇❡❛❦✮ r❡❝❡♣t✐✈❡♥❡ss ✐♥❞✉❝❡s ❛♥❞ r❡✢❡❝ts ✭✇❡❛❦✮ r❡❝❡♣t✐✈❡♥❡ss ♦❢ ♣r♦❞✉❝t ♠♦❞❡❧s✱
✐✳❡✳ ❛ ❢❊❚❆ ✐s ❢❡❛t✉r❡❞ ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛❧❧ ❊❚❆ ♦❜t❛✐♥❡❞ ❜②
♣r♦❞✉❝t ♣r♦❥❡❝t✐♦♥s ❛r❡ ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡✳

❖✉t❧✐♥❡ ❙❡❝t✐♦♥ ✷ ♣r♦✈✐❞❡s s♦♠❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s ❝♦♥❝❡r♥✐♥❣ ✈❛r✐❛❜✐❧✐t②✳ ❙❡❝✲
t✐♦♥ ✸ ❧✐❢ts t❤❡ t❤❡♦r② ♦❢ t❡❛♠ ❛✉t♦♠❛t❛ t♦ t❤❛t ♦❢ ❢❡❛t✉r❡❞ t❡❛♠ ❛✉t♦♠❛t❛✱
❛♥❞ ❙❡❝t✐♦♥ ✹ ❞♦❡s t❤❡ s❛♠❡ ❢♦r r❡❝❡♣t✐✈❡♥❡ss r❡q✉✐r❡♠❡♥ts ❛♥❞ ❝♦♠♣❧✐❛♥❝❡✳ ❲❡
♣r❡s❡♥t ❛ ♣r♦t♦t②♣✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ t❤❡♦r② ✐♥ ❙❡❝t✐♦♥ ✺✱ ❛♥❞
❙❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s t❤❡ ♣❛♣❡r ❛♥❞ ♣r♦✈✐❞❡s s♦♠❡ ✐❞❡❛s ❢♦r ❢✉t✉r❡ ✇♦r❦✳ ❚❤❡
♣r♦♦❢s ♦❢ ♦✉r r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳



❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛ ✺

✷ ❱❛r✐❛❜✐❧✐t②

❚❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡s ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❜❛s✐❝ ♥♦t✐♦♥s ❝♦♥❝❡r♥✐♥❣ ✈❛r✐❛❜✐❧✐t②✱ ✈✐③✳
❢❡❛t✉r❡s✱ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥s✱ ❢❡❛t✉r❡ ♠♦❞❡❧s✱ ❛♥❞ ❢❚❙s✳

❆ ❢❡❛t✉r❡✱ r❛♥❣❡❞ ♦✈❡r ❜② f ✱ ✐s r❡❣❛r❞❡❞ ❛s ❛ ❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ t❤❛t r❡♣r❡s❡♥ts
❛ ✉♥✐t ♦❢ ✈❛r✐❛❜✐❧✐t②✳ ❚❤✐s ♣❛♣❡r ❛ss✉♠❡s ❛ ✜♥✐t❡ s❡t ♦❢ ❢❡❛t✉r❡s F ✳ ❆ ♣r♦❞✉❝t✱
r❛♥❣❡❞ ♦✈❡r ❜② p ⊆ F ✱ ✐s ❛ ✜♥✐t❡ s✉❜s❡t ♦❢ s❡❧❡❝t❡❞ ❢❡❛t✉r❡s✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢
❙P▲s✱ ❛ ♣r♦❞✉❝t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✉s❡❞ t♦ ❞❡r✐✈❡ ❝♦♥❝r❡t❡
s♦❢t✇❛r❡ s②st❡♠s✳ ❆ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ψ ♦✈❡r ❛ s❡t ♦❢ ❢❡❛t✉r❡s F ✱ ❞❡♥♦t❡❞ ψ ∈
FE (F )✱ ✐s ❛ ❇♦♦❧❡❛♥ ❡①♣r❡ss✐♦♥ ♦✈❡r ❢❡❛t✉r❡s ✇✐t❤ t❤❡ ✉s✉❛❧ ❇♦♦❧❡❛♥ ❝♦♥♥❡❝t✐✈❡s
❛♥❞ ❝♦♥st❛♥ts ⊤ ❛♥❞ ⊥ ✐♥t❡r♣r❡t❡❞ ❜② t❤❡ tr✉t❤ ✈❛❧✉❡s tr✉❡ ❛♥❞ ❢❛❧s❡✳ ❆ ♣r♦❞✉❝t
p s❛t✐s✜❡s ❛ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ψ✱ ❞❡♥♦t❡❞ p |= ψ✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ψ ✐s ❡✈❛❧✉❛t❡❞
t♦ ⊤ ✐❢ ⊤ ✐s ❛ss✐❣♥❡❞ t♦ ❡✈❡r② ❢❡❛t✉r❡ ✐♥ p ❛♥❞ ⊥ t♦ t❤❡ ❢❡❛t✉r❡s ♥♦t ✐♥ p✳ ❆
❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ψ ✐s s❛t✐s✜❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣r♦❞✉❝t p s✉❝❤ t❤❛t p |= ψ✳
❆ ❢❡❛t✉r❡ ♠♦❞❡❧ fm ∈ FE (F ) ✐s ❛ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ t❤❛t ❞❡t❡r♠✐♥❡s t❤❡ s❡t ♦❢
♣r♦❞✉❝ts ❢♦r ✇❤✐❝❤ ❝♦♥❝r❡t❡ s②st❡♠s ♦❢ ❛♥ ❙P▲ ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳ ❲❡ ✉s❡ JfmK t♦
❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♣r♦❞✉❝ts t❤❛t s❛t✐s❢② t❤❡ ❢❡❛t✉r❡ ♠♦❞❡❧ fm ∈ FE (F )✳

◆♦t❛t✐♦♥✳ ❋♦r ❛♥② ♣r♦❞✉❝t p ⊆ F ✱ ✐ts ✈✐❡✇ ❛s ❛ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ✐s χp =
∧

f∈p f ∧
∧

f∈F\p ¬f ✳ p ✐s t❤❡ ✉♥✐q✉❡ ♣r♦❞✉❝t ✇✐t❤ p |= χ
p✳ ❆ s❡t P ♦❢ ♣r♦❞✉❝ts

✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ χP =
∨

p∈P
χ
p✳ ❈❧❡❛r❧②✱ ❢♦r ❛♥② ♣r♦❞✉❝t

p✱ p ∈ P ✐✛ p |= χ
P ✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♥❥✉♥❝t✐♦♥s ❛♥❞ ❞✐s❥✉♥❝t✐♦♥s ❛r❡ ✜♥✐t❡✱ s✐♥❝❡

F ✐s ✜♥✐t❡✳ ▼♦r❡♦✈❡r✱
∧

i∈∅ ψi st❛♥❞s ❢♦r ⊤ ❛♥❞
∨

i∈∅ ψi st❛♥❞s ❢♦r ⊥✳

❆ ❢❡❛t✉r❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ ✭❢❚❙✮ ✐s ❛ t✉♣❧❡ A=(Q, I,Σ,E, F, fm, γ) s✉❝❤
t❤❛t (Q, I,Σ,E) ✐s ❛♥ ▲❚❙ ✇✐t❤ ❛ ✜♥✐t❡ s❡t ♦❢ st❛t❡s Q✱ ❛ s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s
I ⊆ Q✱ ❛ ✜♥✐t❡ s❡t ♦❢ ❛❝t✐♦♥s Σ✱ ❛♥❞ ❛ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ E ⊆ Q × Σ × Q✳ F
✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❢❡❛t✉r❡s✱ fm ∈ FE (F ) ✐s ❛ ❢❡❛t✉r❡ ♠♦❞❡❧ ❛♥❞ γ : E → FE (F )
✐s ❛ ♠❛♣♣✐♥❣ ❛ss✐❣♥✐♥❣ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥s t♦ tr❛♥s✐t✐♦♥s✳ ❆ ♣r♦❞✉❝t p ⊆ F ✐s
✈❛❧✐❞ ❢♦r t❤❡ ❢❡❛t✉r❡ ♠♦❞❡❧ fm✱ ✐❢ p ∈ JfmK✳ ❚❤❡ ♠❛♣♣✐♥❣ γ ❡①♣r❡ss❡s tr❛♥s✐t✐♦♥
❝♦♥str❛✐♥ts ❢♦r t❤❡ r❡❛❧✐s❛t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥s✳ ❆ tr❛♥s✐t✐♦♥ t ∈ E ✐s r❡❛❧✐s❛❜❧❡ ❢♦r
❛ ✈❛❧✐❞ ♣r♦❞✉❝t p ✐❢ p |= γ(t)✳

❆♥ ❢❚❙ A ❝❛♥ ❜❡ ♣r♦❥❡❝t❡❞ t♦ ❛ ✈❛❧✐❞ ♣r♦❞✉❝t p ❜② ✉s✐♥❣ γ t♦ ✜❧t❡r r❡❛❧✐s❛❜❧❡
tr❛♥s✐t✐♦♥s✱ r❡s✉❧t✐♥❣ ✐♥ t❤❡ ▲❚❙ A⇂p = (Q, I,Σ,E⇂p)✱ ✇❤❡r❡ E⇂p = {t ∈ E | p |=
γ(t)}✳ ❙✉❝❤ ❛ ♣r♦❥❡❝t✐♦♥ ✐s ❛❧s♦ ❝❛❧❧❡❞ ♣r♦❞✉❝t ♠♦❞❡❧ ♦r ❝♦♥✜❣✉r❛t✐♦♥✳ ❍❡r❡❛❢t❡r✱
✇❡ ✇✐❧❧ ❣❡♥❡r❛❧❧② ✇r✐t❡ ♣r♦❥❡❝t✐♦♥s ✉s✐♥❣ s✉♣❡rs❝r✐♣ts✱ ❡✳❣✳ Ap t♦ ❞❡♥♦t❡ A⇂p✳

◆♦t❛t✐♦♥✳ ●✐✈❡♥ ❛♥ ▲❚❙ ♦r ❛♥ ❢❚❙ A✱ ✇❡ ✇r✐t❡ q
a
−→A q′✱ ♦r s❤♦rt❧② q

a
−→ q′✱

t♦ ❞❡♥♦t❡ (q, a, q′) ∈ E✳ ❋♦r Γ ⊆ Σ✱ ✇❡ ✇r✐t❡ q
Γ
−→∗ q′ ✐❢ t❤❡r❡ ❡①✐st q

a1−→ q1
a2−→

· · ·
an−−→ q′ ❢♦r s♦♠❡ n ≥ 0 ❛♥❞ a1, . . . , an ∈ Γ ✳ ❆♥ ❛❝t✐♦♥ a ✐s ❡♥❛❜❧❡❞ ✐♥ A ❛t

st❛t❡ q ∈ Q✱ ❞❡♥♦t❡❞ a ❡♥A@q✱ ✐❢ t❤❡r❡ ❡①✐sts q
′ ∈ Q s✉❝❤ t❤❛t q

a
−→ q′✳ ❆ st❛t❡

q ∈ Q ✐s r❡❛❝❤❛❜❧❡ ✐❢ q0
Σ
−→∗ q ❢♦r s♦♠❡ q0 ∈ I✳

✸ ❚❡❛♠ ❆✉t♦♠❛t❛ ✇✐t❤ ❱❛r✐❛❜✐❧✐t②

❚❤✐s s❡❝t✐♦♥ ♣r♦♣♦s❡s t♦ ✐♥t❡❣r❛t❡ ✈❛r✐❛❜✐❧✐t② ✐♥ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ t❡❛♠s ♦❢ r❡❛❝t✐✈❡
❝♦♠♣♦♥❡♥ts ✇❤✐❝❤ ❝♦♠♠✉♥✐❝❛t❡ ❛❝❝♦r❞✐♥❣ t♦ s♣❡❝✐✜❡❞ s②♥❝❤r♦♥✐s❛t✐♦♥ ♣♦❧✐❝✐❡s✳



✻ t❡r ❇❡❡❦✱ ❈❧❡❞♦✉✱ ❍❡♥♥✐❝❦❡r✱ Pr♦❡♥ç❛

❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ❞❡✜♥❡ ❢❡❛t✉r❡❞ ❈❆✱ ❢❡❛t✉r❡❞ s②st❡♠s✱ ❛♥❞ ❢❡❛t✉r❡❞ ❊❚❆✱ ❛♥❞
❝♦♠♣❛r❡ t❤❡♠ t♦ t❤❡✐r ❢❡❛t✉r❡❧❡ss ❝♦✉♥t❡r♣❛rts✳ ❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧
✉s❡ ❣r❡② ❜❛❝❦❣r♦✉♥❞s t♦ ❤✐❣❤❧✐❣❤t ❡①t❡♥s✐♦♥s ✇✐t❤ ❢❡❛t✉r❡s✳

✸✳✶ ❋❡❛t✉r❡❞ ❈♦♠♣♦♥❡♥t ❆✉t♦♠❛t❛ ❛♥❞ ❋❡❛t✉r❡❞ ❙②st❡♠s

❆ ❢❡❛t✉r❡❞ ❝♦♠♣♦♥❡♥t ❛✉t♦♠❛t♦♥ ✭❢❈❆✮ ✐s ❛♥ ❢❚❙ A = (Q, I,Σ,E, F , fm , γ )

s✉❝❤ t❤❛t Σ = Σ? ⊎ Σ! ❝♦♥s✐sts ♦❢ ❞✐s❥♦✐♥t s❡ts Σ? ♦❢ ✐♥♣✉t ❛❝t✐♦♥s ❛♥❞ Σ!

♦❢ ♦✉t♣✉t ❛❝t✐♦♥s✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ✐♥t❡r♥❛❧ ❛❝t✐♦♥s ❤❡r❡✳ ❋♦r
❡❛s✐❡r r❡❛❞❛❜✐❧✐t②✱ ✐♥♣✉t ❛❝t✐♦♥s ✇✐❧❧ ❜❡ s❤♦✇♥ ✇✐t❤ s✉✣① ✏?✑ ❛♥❞ ♦✉t♣✉t ❛❝t✐♦♥s
✇✐t❤ s✉✣① ✏!✑✳ ❢❈❆ ❡①t❡♥❞ ❝♦♠♣♦♥❡♥t ❛✉t♦♠❛t❛ ✭❈❆✮ ❬✽✱✶✵❪ ✇✐t❤ ❢❡❛t✉r❡s ❛♥❞
❢❡❛t✉r❡ ♠♦❞❡❧s✳ ❚❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ ✐♥ ❙❡❝t✐♦♥ ✶ ❝♦♥t❛✐♥s ❡①❛♠♣❧❡s ♦❢ ❢❈❆✳

❆ ❢❡❛t✉r❡❞ s②st❡♠ ✭❢❙②s✮ ✐s ❛ ♣❛✐r S = (N , (Ai)i∈N )✱ ✇❤❡r❡ N ✐s ❛ ✜♥✐t❡✱
♥♦♥❡♠♣t② s❡t ♦❢ ❝♦♠♣♦♥❡♥t ♥❛♠❡s ❛♥❞ (Ai)i∈N ✐s ❛♥ N ✲✐♥❞❡①❡❞ ❢❛♠✐❧② ♦❢ ❢❈❆
Ai = (Qi, Ii, Σi, Ei, F , fm , γi ) ♦✈❡r ❛ s❤❛r❡❞ s❡t ♦❢ ❢❡❛t✉r❡s F ❛♥❞ ❢❡❛t✉r❡

♠♦❞❡❧ fm ✳ ❈♦♠♣♦s✐t✐♦♥ ♦❢ ❢❡❛t✉r❡ ♠♦❞❡❧s ✐s ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✱ ❜✉t
♥♦t❡ t❤❛t ♠✉❧t✐♣❧❡ ❛♣♣r♦❛❝❤❡s ❡①✐st ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❡✳❣✳✱ ✉s✐♥❣ ❝♦♥❥✉♥❝t✐♦♥ ♦r
❞✐s❥✉♥❝t✐♦♥ ♦❢ ❢❡❛t✉r❡ ♠♦❞❡❧s ❬✸✺✱✶✽✱✶✾❪✳

❋❡❛t✉r❡❞ s②st❡♠s ❡①t❡♥❞ s②st❡♠s ♦❢ ❈❆ ❬✶✵❪ ❜② ✉s✐♥❣ ❢❈❆ ✐♥st❡❛❞ ♦❢ ❈❆ ❛s
s②st❡♠ ❝♦♠♣♦♥❡♥ts✳ ❆♥ ❢❙②s S = (N , (Ai)i∈N ) ✐♥❞✉❝❡s✿ t❤❡ s❡t ♦❢ s②st❡♠ st❛t❡s
Q =

∏

i∈N Qi s✉❝❤ t❤❛t✱ ❢♦r ❛♥② q ∈ Q ❛♥❞ ❢♦r ❛❧❧ i ∈ N ✱ qi ∈ Qi❀ t❤❡ s❡t ♦❢
✐♥✐t✐❛❧ st❛t❡s I =

∏

i∈N Ii❀ t❤❡ s❡t ♦❢ s②st❡♠ ❛❝t✐♦♥s Σ =
⋃

i∈N Σi❀ t❤❡ s❡t ♦❢

s②st❡♠ ❧❛❜❡❧s Λ ⊆ ✷N × Σ × ✷N ❞❡✜♥❡❞ ❛s Λ = {(S, a,R) | ∅ 6= S ∪ R ⊆ N ,
∀i∈S · a ∈ Σ!

i, ∀i∈R · a ∈ Σ?
i }❀ ❛♥❞ t❤❡ s❡t ♦❢ s②st❡♠ tr❛♥s✐t✐♦♥s E ⊆ Q × Λ ×Q

❞❡✜♥❡❞ ❛s E = {q
(S,a,R)
−−−−−→ q′ | ∀i∈(S∪R) · qi

a
−→Ai

q′i, ∀j∈N\(S∪R) · qj = q′j}✳
❆ tr❛♥s✐t✐♦♥ ❧❛❜❡❧❧❡❞ ❜② ❛ s②st❡♠ ❧❛❜❡❧ ❞❡♥♦t❡s t❤❡ ❛t♦♠✐❝ ❡①❡❝✉t✐♦♥ ♦❢ ❛♥

❛❝t✐♦♥ a ❜② ❛ s❡t ♦❢ ❝♦♠♣♦♥❡♥ts ✐♥ ✇❤✐❝❤ a ✐s ❡♥❛❜❧❡❞✳ ▼♦r❡ ❝♦♥❝r❡t❡❧②✱ ❢♦r ❛
s②st❡♠ ❧❛❜❡❧ (S, a,R) ∈ Λ✱ S r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ s❡♥❞❡rs ❛♥❞ R t❤❡ s❡t ♦❢
r❡❝❡✐✈❡rs t❤❛t s②♥❝❤r♦♥✐s❡ ♦♥ ❛♥ ❛❝t✐♦♥ a ∈ Σ✳ ❙✐♥❝❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ s②st❡♠
❧❛❜❡❧s✱ S ∪R 6= ∅✱ ❛t ❧❡❛st ♦♥❡ ❝♦♠♣♦♥❡♥t ♣❛rt✐❝✐♣❛t❡s ✐♥ ❛♥② s②st❡♠ tr❛♥s✐t✐♦♥✳
❚❤❡ tr❛♥s✐t✐♦♥s ♦❢ ❛ s②st❡♠ ❝❛♣t✉r❡ ❛❧❧ ♣♦ss✐❜❧❡ s②♥❝❤r♦♥✐s❛t✐♦♥s ♦❢ s❤❛r❡❞ ❛❝✲
t✐♦♥s ♦❢ ✐ts ❝♦♠♣♦♥❡♥ts✱ ❡✈❡♥ ✇❤❡♥ ♦♥❧② ♦♥❡ ❝♦♠♣♦♥❡♥t ♣❛rt✐❝✐♣❛t❡s✳ ●✐✈❡♥ ❛

s②st❡♠ tr❛♥s✐t✐♦♥ t = q
(S,a,R)
−−−−−→ q′✱ ✇❡ ✇r✐t❡ t.a ❢♦r a✱ t.S ❢♦r S ❛♥❞ t.R ❢♦r R✳

❋♦r ❡❛s❡ ♦❢ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❛ss✉♠❡ ✐♥ t❤✐s ♣❛♣❡r t❤❛t s②st❡♠s ❛r❡ ❝❧♦s❡❞✳ ❚❤✐s
♠❡❛♥s t❤❛t ❛♥② s②st❡♠ ❛❝t✐♦♥ a ∈ Σ ♦❝❝✉rs ✐♥ ✭❛t ❧❡❛st✮ ♦♥❡ ♦❢ ✐ts ❝♦♠♣♦♥❡♥ts
❛s ❛♥ ✐♥♣✉t ❛❝t✐♦♥ ❛♥❞ ✐♥ ✭❛t ❧❡❛st✮ ♦♥❡ ♦❢ ✐ts ❝♦♠♣♦♥❡♥ts ❛s ❛♥ ♦✉t♣✉t ❛❝t✐♦♥✳

❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛♥ ❢❙②s S = (N , (Ai)i∈N ) t♦ ❛ ♣r♦❞✉❝t p ∈ JfmK ✐s t❤❡
s②st❡♠ Sp = (N , (Api )i∈N )✳

❊①❛♠♣❧❡ ✶✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ❢❙②s S@ ✇✐t❤ t❤r❡❡ ❝♦♠♣♦♥❡♥ts✱ t✇♦ ✉s❡rs ❛♥❞ ♦♥❡
s❡r✈❡r ❢♦❧❧♦✇✐♥❣ t❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ ✐♥ ❙❡❝t✐♦♥ ✶✳ ❋♦r♠❛❧❧②✱ S@ = (N , (Ai)i∈N )✱
✇❤❡r❡ N = {u1, u2, s} ❛r❡ ❝♦♠♣♦♥❡♥t ♥❛♠❡s✱ Au1

, Au2
❛r❡ ❝♦♣✐❡s ♦❢ t❤❡ ❢❈❆ U

✐♥ ❋✐❣✳ ✶❛✱ ❛♥❞ As ✐s ❛ ❝♦♣② ♦❢ t❤❡ ❢❈❆ S ✐♥ ❋✐❣✳ ✶❜✳
❚❤❡ s②st❡♠ st❛t❡s ❛r❡ t✉♣❧❡s (p, q, r) ✇✐t❤ ✉s❡r st❛t❡s p ∈ Qu1

❛♥❞ q ∈ Qu2
✱

❛♥❞ s❡r✈❡r st❛t❡ r ∈ Qs✳ S@ ❤❛s ❛♥ ✐♥✐t✐❛❧ st❛t❡ (0, 0, 0)✱ ❛ t♦t❛❧ ♦❢ ✶✽ st❛t❡s ✭3×



❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛ ✼

2, 2, 0 0, 2, 02, 0, 0

0, 0, 0

{u2}, leave, {s}

{u2}, leave, {}

{u1}, leave, {s}

{u1}, leave, {}

{u1, u2}, leave, {s} {u1, u2}, leave, {}

{}, leave, {s}

❋✐❣✳ ✹✿ ❙♦♠❡ s②st❡♠ tr❛♥s✐t✐♦♥s ♦❢ S@

3× 2✮✱ ❛❝t✐♦♥s Σ = {join, leave, confirm}✱ ❛♥❞ ❛ t♦t❛❧ ♦❢ ✶✹✷ s②st❡♠ tr❛♥s✐t✐♦♥s✳
❙♦♠❡ ♦❢ t❤❡s❡ ✭✇✐t❤ ❛❝t✐♦♥ leave✮ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹❀ t❤❡ tr❛♥s✐t✐♦♥s ♠❛r❦❡❞ ✐♥
❣r❡② ✇✐❧❧ ❜❡ ❞✐s❝❛r❞❡❞ ❜❛s❡❞ ♦♥ s②♥❝❤r♦♥✐s❛t✐♦♥ r❡str✐❝t✐♦♥s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ S@ t♦ t❤❡ ✈❛❧✐❞ ♣r♦❞✉❝t {µ}✱ r❡s♣❡❝t✐♥❣ t❤❡ s❤❛r❡❞ ❢❡❛t✉r❡
♠♦❞❡❧ µ⊕b✱ ✐s t❤❡ s②st❡♠ Sµ

@ = (N , {Aµ

u1
, Aµ

u2
, Aµ

s})✱ s✉❝❤ t❤❛t Aµ

u1
, Aµ

u2
❛r❡

❝♦♣✐❡s ♦❢ U⇂
µ
✐♥ ❋✐❣✳ ✷❛ ❛♥❞ Aµ

s ✐s ❛ ❝♦♣② ♦❢ S⇂
µ
✐♥ ❋✐❣✳ ✷❜✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ♣r♦❞✉❝t

{b}✱ ✇❡ ❣❡t t❤❡ ♣r♦❥❡❝t❡❞ s②st❡♠ Sb

@ = (N , {Ab

u1
, Ab

u2
, Ab

s})✳ ⊲

✸✳✷ ❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛

❋❡❛t✉r❡❞ t❡❛♠ ❛✉t♦♠❛t❛ ✭❢❊❚❆✮ ❛r❡ t❤❡ ❦❡② ❝♦♥❝❡♣t t♦ ♠♦❞❡❧ ❢❛♠✐❧✐❡s ♦❢ t❡❛♠s✳
❚❤❡② ❛r❡ ❝♦♥str✉❝t❡❞ ♦✈❡r ❛♥ ❢❙②s S t♦❣❡t❤❡r ✇✐t❤ ❛ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ s②♥❝❤r♦♥✐✲
s❛t✐♦♥ t②♣❡s ❡①♣r❡ss✐♥❣ ❞❡s✐r❛❜❧❡ s②♥❝❤r♦♥✐s❛t✐♦♥ ❝♦♥str❛✐♥ts✳ ❚❤✐s s❡❝t✐♦♥ ✜rst
❢♦r♠❛❧✐s❡s t❤❡ ❧❛tt❡r ❛♥❞ t❤❡♥ ❢❊❚❆ ❛s ❢❚❙s✳

❆ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡ (s, r)∈ ■♥t✈×■♥t✈ ✐s ❛ ♣❛✐r ♦❢ ✐♥t❡r✈❛❧s s ❛♥❞ r ✇❤✐❝❤ ❞❡✲
t❡r♠✐♥❡ t❤❡ ♥✉♠❜❡r ♦❢ s❡♥❞❡rs ❛♥❞ r❡❝❡✐✈❡rs t❤❛t ❝❛♥ ♣❛rt✐❝✐♣❛t❡ ✐♥ ❛ ❝♦♠♠✉♥✐❝❛✲
t✐♦♥✳ ❊❛❝❤ ✐♥t❡r✈❛❧ ✐s ✇r✐tt❡♥ [min,max ]✱ ✇✐t❤ min∈N ❛♥❞ max ∈N∪{∗}✳ ❲❡ ✉s❡
∗ t♦ ❞❡♥♦t❡ 0 ♦r ♠♦r❡ ♣❛rt✐❝✐♣❛♥ts✱ ❛♥❞ ✇r✐t❡ x ∈ [n,m] ✐❢ n≤x ≤m ❛♥❞ x ∈ [n, ∗]
✐❢ x ≥ n✳ ❋♦r ❛ s②st❡♠ tr❛♥s✐t✐♦♥ t✱ ✇❡ ❞❡✜♥❡ t |= (s, r) ✐❢ |t.S| ∈ s ∧ |t.R| ∈ r✳

❆ ❢❡❛t✉r❡❞ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡ s♣❡❝✐✜❝❛t✐♦♥ ✭❢❙❚❙✮ ♦✈❡r ❛♥ ❢❙②s S✱ ✐s ❛
t♦t❛❧ ❢✉♥❝t✐♦♥✱ ❢st : JfmK × Σ → ■♥t✈× ■♥t✈✱ ♠❛♣♣✐♥❣ ❡❛❝❤ ♣r♦❞✉❝t p ∈ JfmK
❛♥❞ ❛❝t✐♦♥ a ∈ Σ t♦ ❛ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡✳ ❚❤✉s✱ ❛♥ ❢❙❚❙ ✐s ♣❛r❛♠❡t❡r✐s❡❞ ❜②
✭✈❛❧✐❞✮ ♣r♦❞✉❝ts ❛♥❞ t❤❡r❡❢♦r❡ s✉♣♣♦rts ✈❛r✐❛❜✐❧✐t② ♦❢ s②♥❝❤r♦♥✐s❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳

❢❙❚❙s ❛r❡ ❡①t❡♥s✐♦♥s ♦❢ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡ s♣❡❝✐✜❝❛t✐♦♥s ✭❙❚❙s✮ ✐♥ ❬✶✵❪❀ ❛♥
❙❚❙ st : Σ → ■♥t✈ × ■♥t✈ ♠❛♣s ❛❝t✐♦♥s t♦ ❜♦✉♥❞s ♦❢ s❡♥❞❡rs ❛♥❞ r❡❝❡✐✈❡rs✳ ❋♦r
❛♥② ♣r♦❞✉❝t p ∈ JfmK✱ ❛♥ ❢❙❚❙ ❢st ❝❛♥ ❜❡ ♣r♦❥❡❝t❡❞ t♦ ❛♥ ❙❚❙ ❢st

p s✉❝❤ t❤❛t
❢st

p(a) = ❢st(p, a) ❢♦r ❛❧❧ a ∈ Σ✳

❊①❛♠♣❧❡ ✷✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❢st@ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❢❙❚❙ ❢♦r t❤❡ ❢❙②s S@ ✐♥
❊①❛♠♣❧❡ ✶✿

❢st@(p, confirm) = ([1, 1], [1, 1]) ❢♦r p ∈ {{µ}, {b}} ✭✶✮

❢st@({µ}, a) = ([1, 1], [1, 1]) ❢♦r a ∈ {join, leave} ✭✷✮

❢st@({b}, a) = ([1, ∗], [1, 1]) ❢♦r a ∈ {join, leave} ✭✸✮

■♥t✉✐t✐✈❡❧②✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ s❡❧❡❝t❡❞ ♣r♦❞✉❝t✱ ✉s❡rs ❝❛♥ r❡❝❡✐✈❡ ❝♦♥✜r♠❛t✐♦♥
❢r♦♠ t❤❡ s❡r✈❡r ✐♥ ❛ ♦♥❡✲t♦✲♦♥❡ ❢❛s❤✐♦♥ ✭✶✮✳ ■❢ s❡❝✉r❡ ❛✉t❤❡♥t✐❝❛t✐♦♥ µ ✐s r❡q✉✐r❡❞✱
♦♥❡ ✉s❡r ❝❛♥ ❥♦✐♥✴❧❡❛✈❡ ❜② s②♥❝❤r♦♥✐s✐♥❣ ❡①❝❧✉s✐✈❡❧② ✇✐t❤ ♦♥❡ s❡r✈❡r ✭✷✮✳ ■❢ ♦♣❡♥
❛❝❝❡ss b ✐s r❡q✉✐r❡❞✱ ♠✉❧t✐♣❧❡ ✉s❡rs ❝❛♥ ❥♦✐♥✴❧❡❛✈❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ✭✸✮✳ ⊲



✽ t❡r ❇❡❡❦✱ ❈❧❡❞♦✉✱ ❍❡♥♥✐❝❦❡r✱ Pr♦❡♥ç❛

●✐✈❡♥ ❛♥ ❢❙②s S = (N , (Ai)i∈N ) ❛♥❞ ❛♥ ❢❙❚❙ ❢st ♦✈❡r S✱ t❤❡ ❢❡❛t✉r❡❞ t❡❛♠
❛✉t♦♠❛t♦♥ ✭❢❊❚❆✮ ❣❡♥❡r❛t❡❞ ❜② S ❛♥❞ ❢st✱ ✇r✐tt❡♥ ❢st[S]✱ ✐s t❤❡ ❢❚❙ (Q, I,Σ,
E, F , fm , γ ) ✇❤❡r❡ Q, I,Σ,E, F ✱ ❛♥❞ fm ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② S✳ ■t r❡♠❛✐♥s
t♦ ❝♦♥str✉❝t t❤❡ ♠❛♣♣✐♥❣ γ : E → FE (F )✱ ✇❤✐❝❤ ❝♦♥str❛✐♥s s②st❡♠ tr❛♥s✐t✐♦♥s
❜② ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥s✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ γ ✐s ❞❡r✐✈❡❞ ❢r♦♠ ❜♦t❤ t❤❡ tr❛♥s✐t✐♦♥
❝♦♥str❛✐♥ts γi ♦❢ ❡✈❡r② Ai ❛♥❞ ❢r♦♠ ❢st✳ ■t ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❛ s②st❡♠

tr❛♥s✐t✐♦♥ t = q
(S,a,R)
−−−−−→ q′ ∈ E s❤♦✉❧❞ ❜❡ r❡❛❧✐s❛❜❧❡ ❢♦r t❤♦s❡ ♣r♦❞✉❝ts p ∈ JfmK

❢♦r ✇❤✐❝❤ ❜♦t❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✶✳ ■♥ ❡❛❝❤ ❝♦♠♣♦♥❡♥t Ai✱ ✇✐t❤ i ∈ (S ∪ R)✱ t❤❡ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ qi
a
−→Ai

q′i ✐s

r❡❛❧✐s❛❜❧❡ ❢♦r p✳ ❚❤✐s ♠❡❛♥s p |= γ̂(t)✱ ✇❤❡r❡ γ̂(t) =
∧

i∈(S∪R) γi(qi
a
−→Ai

q′i)✳
✷✳ ❋♦r ❛♥② ❛❝t✐♦♥ a ∈ Σ✱ t❤❡ ♥✉♠❜❡r ♦❢ s❡♥❞❡rs |S| ❛♥❞ r❡❝❡✐✈❡rs |R| ✜ts

t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡ ❢st(p, a)✳ ❚❤✐s ♠❡❛♥s p |= χ
P (❢st,t)✱ ✇❤❡r❡ χP (❢st,t)

✭❝❢✳ ❙❡❝t✐♦♥ ✷✮ ✐s t❤❡ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ❝❤❛r❛❝t❡r✐s✐♥❣ t❤❡ s❡t ♦❢ ♣r♦❞✉❝ts
P (❢st, t) = {p ∈ JfmK | t |= ❢st(p, t.a)}✳

■♥ s✉♠♠❛r②✱ ❢♦r ❛♥② t = q
(S,a,R)
−−−−−→ q′ ∈ E✱ ✇❡ ❞❡✜♥❡ γ(t) = γ̂(t) ∧ χP (❢st,t)✳ ◆♦t❡

t❤❛t✱ s✐♥❝❡ P (❢st, t) ✐s ❛ s✉❜s❡t ♦❢ JfmK✱ ✐t ❤♦❧❞s |= χ
P (❢st,t) → fm ❛♥❞ ❤❡♥❝❡

|= γ(t) → fm✳ ■♥ ❝❛s❡s ✇❤❡r❡ P (❢st, t) = JfmK✱ χP (❢st,t) ❛♥❞ fm ❛r❡ ❡q✉✐✈❛❧❡♥t
❛♥❞ t❤❡♥ ✇❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ γ(t) = γ̂(t) ∧ fm✳

❘❡❝❛❧❧ t❤❛t ❛♥ ❢❚❙ ❝❛♥ ❜❡ ♣r♦❥❡❝t❡❞ t♦ ♣r♦❞✉❝ts ✭❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✮ ❛♥❞
t❤❡r❡❢♦r❡ ❛❧s♦ t❤❡ ❢❊❚❆ ❢st[S] ❝❛♥ ❜❡ ♣r♦❥❡❝t❡❞ t♦ ❛ ✈❛❧✐❞ ♣r♦❞✉❝t p ∈ JfmK ②✐❡❧❞✲
✐♥❣ t❤❡ ▲❚❙ ❢st[S]p✳ ❚❤✉s ❛♥② ❢❊❚❆ ❢st[S] s♣❡❝✐✜❡s ❛ ❢❛♠✐❧② ♦❢ ♣r♦❞✉❝t ♠♦❞❡❧s✳

❊①❛♠♣❧❡ ✸✳ ❈♦♥s✐❞❡r t❤❡ ❢❙②s S@ ❛♥❞ t❤❡ ❢❙❚❙ ❢st@ ❢r♦♠ ❊①❛♠♣❧❡ ✷✱ ❤❡r❡ ❛♥❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s s✐♠♣❧② ❝❛❧❧❡❞ ❢st✱ ❛s ✇❡❧❧ ❛s t❤❡ ❣❡♥❡r❛t❡❞ ❢❊❚❆ ❢st[S@]✳
❚❤❡r❡ ❛r❡ ♠❛♥② s②st❡♠ tr❛♥s✐t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡

t1 = (0, 0, 0)
({u1 ,u2}, join,{s})
−−−−−−−−−−−−→ (2, 2, 0) ❛♥❞

t2 = (0, 0, 0)
({u1,u2}, join,{s})
−−−−−−−−−−−−→ (1, 1, 1).

❋♦r t1✱ ✇❡ ❤❛✈❡ γ̂(t1) =
∧

i∈{1,2} γui
(0

join
−−→Aui

2)∧γs(0
join
−−→As

0) = b∧b∧b✳

❙✐♥❝❡ {b} ✐s t❤❡ ♦♥❧② ✈❛❧✐❞ ♣r♦❞✉❝t p s✉❝❤ t❤❛t t1 |= ❢st(p, join) = ([1, ∗], [1, 1])✖
♥♦t❡ t❤❛t ♦♥❧② ❢♦r ♦♣❡♥ ❛❝❝❡ss ♠♦r❡ t❤❛♥ ♦♥❡ ✉s❡r ❝❛♥ ❥♦✐♥ s✐♠✉❧t❛♥❡♦✉s❧②✖
✇❡ ❤❛✈❡ χP (❢st,t1) = b ∧ ¬µ ✭✇❤❡r❡ P (❢st, t1) = {{b}}✮✳ ❚❤✉s✱ ✐♥ s✉♠♠❛r②✱
γ(t1) = (b ∧b ∧b) ∧ (b ∧ ¬µ)✳ ❍❡♥❝❡ t1 ❝❛♥ ♦♥❧② ❜❡ r❡❛❧✐s❡❞ ❢♦r ♦♣❡♥ ❛❝❝❡ss✳

❋♦r t2✱ ✇❡ ❤❛✈❡ γ̂(t2) = µ ∧ µ ∧ µ ❛♥❞ χ
P (❢st,t2) = b ∧ ¬µ ❛s ❜❡❢♦r❡✱ s✐♥❝❡

{b} ✐s t❤❡ ♦♥❧② ♣r♦❞✉❝t p s✉❝❤ t❤❛t t2 |= ❢st(p, join)✳ ❚❤❡r❡❢♦r❡✱ γ(t2) = (µ ∧
µ∧µ)∧ (b∧¬µ)✱ ✇❤✐❝❤ r❡❞✉❝❡s t♦ ⊥ ❛♥❞ t❤✉s ✐s ♥♦t r❡❛❧✐s❛❜❧❡ ❜② ❛♥② ♣r♦❞✉❝t✳

❋✐❣✳ ✺ s❤♦✇s t❤❡ ❢✉❧❧ ❣❡♥❡r❛t❡❞ ❢❊❚❆ ❢st[S@]✱ ❛❢t❡r r❡♠♦✈✐♥❣ ❛❧❧ ✉♥r❡❛❝❤❛❜❧❡
st❛t❡s ❛♥❞ ❛❧❧ ♥♦♥✲r❡❛❧✐s❛❜❧❡ tr❛♥s✐t✐♦♥s t✱ ✐✳❡✳ ∀p∈JfmK · p 6|= γ(t)✳ ❋♦r ❡❛❝❤ tr❛♥s✐✲
t✐♦♥ t ✐♥ ❋✐❣✳ ✺ ✇❡ ♣r❡s❡♥t γ(t) ❛s ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ✭❛ s❡♠❛♥t✐❝s✲♣r❡s❡r✈✐♥❣ s✐♠✲
♣❧✐✜❝❛t✐♦♥ ♦❢✮ γ̂(t) ❛♥❞ ❛♥ ✉♥❞❡r❧✐♥❡❞ χP (❢st,t) ♦r fm = µ⊕b ✐❢ P (❢st, t) = JfmK✳
❚❤❡ ❧❛tt❡r ✐s t❤❡ ❝❛s❡ ✐♥ ❛❧❧ tr❛♥s✐t✐♦♥s ✐♥ ✇❤✐❝❤ ♦♥❧② ♦♥❡ ✉s❡r ♣❛rt✐❝✐♣❛t❡s✳ ■❢ t✇♦
✉s❡rs ❥♦✐♥ ♦r ❧❡❛✈❡ s✐♠✉❧t❛♥❡♦✉s❧②✱ t❤❡♥ χP (❢st,t) ✐s ❛❧✇❛②s b ∧¬µ ❛s ❡①♣❧❛✐♥❡❞
❛❜♦✈❡ ❢♦r t1✳ ✭❋✉rt❤❡r r❡❞✉❝t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡ ❢♦r t❤❡ ❝♦♥❥♦✐♥❡❞ γ(t)✳✮ ⊲



❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛ ✾

0, 0, 0 0, 2, 0

0, 1, 1

2, 0, 0 2, 2, 0

2, 1, 1

1, 2, 11, 0, 1

[b ∧ fm] {u2}, join, {s}

[µ ∧ fm] {u2}, join, {s}

[µ ∧ fm]
{u1}, join, {s}

[b
∧
fm

]
{
u
1 }
,jo

in
,{
s}

[b ∧
b ∧ ¬

µ]

{u
1 , u

2}, join, {s}

[µ ∧ fm] {s}, confirm, {u2}

[⊤ ∧ fm] {u2}, leave, {s}
[µ ∧ fm]

{u1}, join, {s}

[b
∧
fm

]
{
u
1 }
,jo

in
,{
s}

[µ ∧ fm]
{s}, confirm, {u1}

[⊤ ∧ fm] {u2}, leave, {s}

[b ∧ fm] {u2}, join, {s}

[⊤
∧
fm

]
{
u
1
}
,l
ea
v
e
,{
s
}

[µ ∧ fm]
{u2}, join, {s}

[⊤ ∧
b ∧ ¬

µ]

{u
1 , u

2}, leave, {s}

[⊤
∧
fm

]
{
u
1
}
,l
ea
v
e
,{
s
}

[µ ∧ fm]
{s}, confirm, {u1}

[µ ∧ fm]
{s}, confirm, {u2}

fm = µ ⊕ b

❋✐❣✳ ✺✿ ●❡♥❡r❛t❡❞ ❢❊❚❆ ❢st@[S@]

✸✳✸ ❢❊❚❆ ✈❡rs✉s ❊❚❆

❢❊❚❆ ❛r❡ ♥♦t s✐♠♣❧❡ ❡①t❡♥s✐♦♥s ♦❢ ❡①t❡♥❞❡❞ t❡❛♠ ❛✉t♦♠❛t❛ ✭❊❚❆✮ ✐♥tr♦❞✉❝❡❞
✐♥ ❬✶✵❪✳ ❆♥ ❊❚❆ ✐s ❛♥ ▲❚❙ st[S] ❣❡♥❡r❛t❡❞ ♦✈❡r ❛ s②st❡♠ S ♦❢ ❈❆ ❜② ❛♥ ❙❚❙
st t❤❛t ❡①♣❧✐❝✐t❧② ✜❧t❡rs t❤❡ s②st❡♠ tr❛♥s✐t✐♦♥s t❤❛t s❛t✐s❢② t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥
t②♣❡s ❞❡t❡r♠✐♥❡❞ ❜② st✳ ❈♦♥❝r❡t❡❧②✱ ❛♥ ❊❚❆ st[S] ✐s t❤❡ ▲❚❙ (Q, I,Σ, st[E])✱
✇❤❡r❡ Q, I,Σ✱ ❛♥❞ E ❛r❡ ✐♥❞✉❝❡❞ ❜② S✱ ❛♥❞ st[E] = {t ∈ E | t |= st(t.a)}✳

❖❜s❡r✈❡ t❤❛t ❛♥ ❙❚❙ t❤✉s r❡str✐❝ts t❤❡ s❡t ♦❢ s②st❡♠ tr❛♥s✐t✐♦♥s ♦❢ ❛ s②st❡♠
S✱ s✉❝❤ t❤❛t t❤❡ ❊❚❆ st[S] ❤❛s ♦♥❧② ❛ s✉❜s❡t ♦❢ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ S✳ ■♥st❡❛❞✱ ❛♥
❢❙❚❙ ❛♥❞ t❤❡ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts Ai ✐♠♣♦s❡ tr❛♥s✐t✐♦♥
❝♦♥str❛✐♥ts γ ♦♥ t❤❡ s②st❡♠ tr❛♥s✐t✐♦♥s ♦❢ ❛♥ ❢❙②s S s✉❝❤ t❤❛t t❤❡ ❢❊❚❆ ❢st[S]
❤❛s ❛❧❧ tr❛♥s✐t✐♦♥s ♦❢ S✱ ❜✉t ❛♣♣r♦♣r✐❛t❡❧② ❝♦♥str❛✐♥❡❞ s✉❝❤ t❤❛t ♠❛♥② ♦❢ t❤❡♠
✇✐❧❧ ♥♦t ❜❡ r❡❛❧✐s❛❜❧❡ ❛♥②♠♦r❡ ❢♦r ❝♦♥❝r❡t❡ ♣r♦❞✉❝ts✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ s❤♦✇s t❤❛t✱ ❢♦r ❛♥② ✈❛❧✐❞ ♣r♦❞✉❝t p✱ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ p
♦❢ t❤❡ ❢❊❚❆ ❢st[S]✱ ❣❡♥❡r❛t❡❞ ♦✈❡r t❤❡ ❢❙②s S ❜② t❤❡ ❢❙❚❙ ❢st✱ ✐s t❤❡ s❛♠❡ ❛s t❤❡
❊❚❆ ♦✈❡r t❤❡ ♣r♦❥❡❝t❡❞ s②st❡♠ Sp ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r♦❥❡❝t❡❞ ❙❚❙ ❢st

p✳ ❚❤✐s
r❡s✉❧t ❥✉st✐✜❡s t❤❡ s♦✉♥❞♥❡ss ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❣❡♥❡r❛t❡❞ ❢❊❚❆✱ ✐♥ ♣❛rt✐❝✉❧❛r
♦❢ ✐ts tr❛♥s✐t✐♦♥ ❝♦♥str❛✐♥t γ✳ ■t ❛❧s♦ s❤♦✇s t❤❛t t❤❡ ❞✐❛❣r❛♠ ✐♥ ❋✐❣✳ ✸ ❝♦♠♠✉t❡s✳

❚❤❡♦r❡♠ ✶✳ ▲❡t S ❜❡ ❛♥ ❢❙②s ✇✐t❤ ❢❡❛t✉r❡ ♠♦❞❡❧ fm✱ ❧❡t ❢st ❜❡ ❛♥ ❢❙❚❙✱ ❛♥❞
❧❡t p ∈ JfmK ❜❡ ❛ ✈❛❧✐❞ ♣r♦❞✉❝t✳ ❚❤❡♥✿

❢st[S]p = ❢st
p[Sp].

✹ ❘❡❝❡♣t✐✈❡♥❡ss

❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ❛♥❞ ❢♦r♠❛❧✐s❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✱ ❛ ❢❊❚❆ ❢st[S] ❝❛♥ ❜❡ ♣r♦✲
❥❡❝t❡❞ t♦ ❛ ♣r♦❞✉❝t p∈JfmK✱ t❤✉s ②✐❡❧❞✐♥❣ ❛♥ ❊❚❆ ✭✐✳❡✳ ❛ t❡❛♠✮ ❢st[S]p= ❢st

p[Sp]✳



✶✵ t❡r ❇❡❡❦✱ ❈❧❡❞♦✉✱ ❍❡♥♥✐❝❦❡r✱ Pr♦❡♥ç❛

❆♥② s✉❝❤ ❊❚❆ ❞❡s❝r✐❜❡s t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ❝♦♥❝r❡t❡ s②st❡♠ Sp ✇❤♦s❡ ❝♦♠♣♦✲
♥❡♥ts ✭t❤❡ t❡❛♠ ♠❡♠❜❡rs✮ ❛r❡ ❝♦♦r❞✐♥❛t❡❞ ❜② t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡ s♣❡❝✐✜✲
❝❛t✐♦♥ st= ❢st

p✳ ❚❤✐s s❡❝t✐♦♥ ❛♥❛❧②s❡s ❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛❢❡t② ♦❢ s✉❝❤ ❢❛♠✐❧✐❡s ♦❢
❊❚❆✳ ❖✉r ❛✐♠ ✐s t♦ ♣r♦✈✐❞❡ ❝r✐t❡r✐❛ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ❢❊❚❆ t❤❛t ❣✉❛r❛♥t❡❡ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥✲s❛❢❡t② ♣r♦♣❡rt✐❡s ❢♦r ❛❧❧ ❊❚❆ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♦♥ ✭❝❢✳ ❙❡❝t✐♦♥ ✹✳✸✮✳

✹✳✶ ❘❡❝❡♣t✐✈❡♥❡ss ❢♦r ❊❚❆

❲❡ ❢♦❝✉s ♦♥ t❤❡ ♣r♦♣❡rt② ♦❢ r❡❝❡♣t✐✈❡♥❡ss✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜❡❢♦r❡ ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ❬✷✷✱✶✹✱✷✾❪✱ ♠❛✐♥❧② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❡❡r✲t♦✲♣❡❡r ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❆♥
❡①t❡♥s✐♦♥ t♦ ♠✉❧t✐✲❝♦♠♣♦♥❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥s ✇❛s st✉❞✐❡❞ ✐♥ ❬✶✺❪ ❛♥❞ ✐♥ ❬✶✵❪✱
✇❤❡r❡ ❛❧s♦ ❛ ♥♦t✐♦♥ ♦❢ r❡s♣♦♥s✐✈❡♥❡ss ♥♦t ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✇❛s ✐♥tr♦❞✉❝❡❞✳ ❚❤❡
✐❞❡❛ ♦❢ r❡❝❡♣t✐✈❡♥❡ss ✐s ❛s ❢♦❧❧♦✇s✿ ✇❤❡♥❡✈❡r✱ ✐♥ ❛ r❡❛❝❤❛❜❧❡ st❛t❡ q ♦❢ ❛♥ ❊❚❆
st[S]✱ ❛ ❣r♦✉♣ ♦❢ ❝♦♠♣♦♥❡♥ts J ✐s ✭❧♦❝❛❧❧②✮ ❡♥❛❜❧❡❞ t♦ ♣❡r❢♦r♠ ❛♥ ♦✉t♣✉t ❛❝t✐♦♥ a
s✉❝❤ t❤❛t ✐ts s②♥❝❤r♦♥♦✉s ❡①❡❝✉t✐♦♥ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥
t②♣❡ st(a)✱ ✇❡ ❣❡t ❛ r❡❝❡♣t✐✈❡♥❡ss r❡q✉✐r❡♠❡♥t✱ ✇r✐tt❡♥ ❛s r❝♣(J, a)@q✳ ❚❤❡ ❊❚❆
✐s ❝♦♠♣❧✐❛♥t ✇✐t❤ t❤✐s r❡q✉✐r❡♠❡♥t ✐❢ J ❝❛♥ ✜♥❞ ♣❛rt♥❡rs ✐♥ t❤❡ t❡❛♠ ✇❤✐❝❤ s②♥✲
❝❤r♦♥✐s❡ ✇✐t❤ t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ J ❜② t❛❦✐♥❣ ✭r❡❝❡✐✈✐♥❣✮ a ❛s ✐♥♣✉t✳ ■❢ r❡❝❡♣t✐♦♥
✐s ✐♠♠❡❞✐❛t❡✱ ✇❡ t❛❧❦ ❛❜♦✉t r❡❝❡♣t✐✈❡♥❡ss❀ ✐❢ t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ✜rst ♣❡r❢♦r♠
s♦♠❡ ✐♥t❡r♠❡❞✐❛t❡ ❛❝t✐♦♥s ❜❡❢♦r❡ ❛❝❝❡♣t✐♥❣ a✱ ✇❡ t❛❧❦ ❛❜♦✉t ✇❡❛❦ r❡❝❡♣t✐✈❡♥❡ss✳

❋♦r♠❛❧❧②✱ r❡❝❡♣t✐✈❡♥❡ss r❡q✉✐r❡♠❡♥ts✱ ❝♦♠♣❧✐❛♥❝❡✱ ❛♥❞ r❡❝❡♣t✐✈❡♥❡ss ❛r❡ ❞❡✲
✜♥❡❞ ❛s ❢♦❧❧♦✇s ❛♥❞ ✐❧❧✉str❛t❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✳ ❲❡ ❛ss✉♠❡ ❛ ❣✐✈❡♥ ❊❚❆ st[S] = (Q,
I,Σ, st[E]) ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❙❚❙ st ♦✈❡r ❛ s②st❡♠ S = (N , (Ai)i∈N ) ♦❢ ❈❆ Ai✳

❆ r❡❝❡♣t✐✈❡♥❡ss r❡q✉✐r❡♠❡♥t ✭❘❡q✮ ✐s ❛♥ ❡①♣r❡ss✐♦♥ r❝♣(J, a)@q✱ ✇❤❡r❡ q ∈ Q
✐s ❛ r❡❛❝❤❛❜❧❡ st❛t❡ ♦❢ st[S]✱ a ∈ Σ ✐s ❛♥ ❛❝t✐♦♥✱ ❛♥❞ ∅ 6= J ⊆ N ✐s ❛ s❡t ♦❢
❝♦♠♣♦♥❡♥t ♥❛♠❡s s✉❝❤ t❤❛t ∀j∈J · a ∈ Σ!

j ∧ a ❡♥Aj
@qj ❛♥❞ st(a) = (s, r) ⇒

|J | ∈ s ∧ 0 /∈ r✳ ❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s t❤❛t ✐✮ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts
✐♥ J ✜ts t❤❡ ♥✉♠❜❡r ♦❢ ❛❧❧♦✇❡❞ s❡♥❞❡rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡
♦❢ a✱ ❛♥❞ ✐✐✮ ❛t ❧❡❛st ♦♥❡ r❡❝❡✐✈❡r ♠✉st ❡①✐st ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥
t②♣❡ ♦❢ a✳✺ ❍❡♥❝❡ ♦✉r s✉❜s❡q✉❡♥t ❝♦♠♣❧✐❛♥❝❡ ❛♥❞ r❡❝❡♣t✐✈❡♥❡ss ♥♦t✐♦♥s✱ t❛❦❡♥
❢r♦♠ ❬✶✵❪ ❛♥❞ ❢♦r♠❛❧✐s✐♥❣ t❤❡ ✐♥❢♦r♠❛❧ ❡①♣❧❛♥❛t✐♦♥s ❛❜♦✈❡✱ ❞❡♣❡♥❞ str♦♥❣❧② ♦♥
t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥ t②♣❡s ♦❢ ❛❝t✐♦♥s✳

❚❤❡ ❊❚❆ st[S] ✐s ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛ ❘❡q r❝♣(J, a)@q ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

∃R 6=∅ ❛♥❞ q′∈Q · q
(J,a,R)
−−−−→st[S] q

′.

❚❤❡ ❊❚❆ st[S] ✐s ✇❡❛❦❧② ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛ ❘❡q r❝♣(J, a)@q ✐❢

∃R 6=∅ ❛♥❞ q̂,q′∈Q · q
Λ\J
−−→∗

st[S] q̂
(J,a,R)
−−−−→st[S] q

′,

✇❤❡r❡ Λ\J ❞❡♥♦t❡s t❤❡ s❡t ♦❢ s②st❡♠ ❧❛❜❡❧s ✐♥ ✇❤✐❝❤ ♥♦ ❝♦♠♣♦♥❡♥t ♦❢ J ♣❛rt✐❝✲
✐♣❛t❡s✳ ■♥❞❡❡❞✱ ♦♥❧② ✇❤❡♥ st❛t❡ q̂ ✐s r❡❛❝❤❡❞✱ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ J ❝❛♥ ❛❝t✐✈❡❧②
❣❡t r✐❞ ♦❢ t❤❡✐r ♦✉t♣✉t✳

❚❤❡ ❊❚❆ st[S] ✐s ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡ ✐❢ ✐t ✐s ✭✇❡❛❦❧②✮ ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛❧❧ ❘❡qs
❢♦r st[S]✳

✺ ❖t❤❡r✇✐s❡✱ t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ J ❝♦✉❧❞ s✐♠♣❧② ♦✉t♣✉t a ✇✐t❤♦✉t r❡❝❡♣t✐♦♥✳



❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛ ✶✶

❊①❛♠♣❧❡ ✹✳ ▲❡t ❊❚❆ ❢st
µ[Sµ

@] ❜❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❙❚❙ ❢st
µ ✭✐✳❡✳ t❤❡ ♣r♦❥❡❝t✐♦♥

♦❢ ❢st ❢r♦♠ ❊①❛♠♣❧❡ ✸ t♦ {µ}✮ ♦✈❡r t❤❡ s②st❡♠ Sµ

@ = (N , {Aµ

u1
, Aµ

u2
, Aµ

s}) ♦❢

❊①❛♠♣❧❡ ✶✱ ✇✐t❤ ❢st
µ(join) = ❢st

µ(confirm) = ❢st
µ(leave) = ([1, 1], [1, 1])✳ ■♥ t❤❡

✐♥✐t✐❛❧ ❣❧♦❜❛❧ st❛t❡ (0, 0, 0) ❜♦t❤ ✉s❡rs ❛r❡ ❡♥❛❜❧❡❞ t♦ ❡①❡❝✉t❡ ♦✉t♣✉t ❛❝t✐♦♥ join✱
❜✉t ♥♦t s✐♠✉❧t❛♥❡♦✉s❧②✳ ❍❡♥❝❡✱ ✇❡ ❣❡t t✇♦ ❘❡qs r❝♣({ui}, join)@(0, 0, 0)✱ ♦♥❡
❢♦r ❡❛❝❤ i ∈ {1, 2}✳ ❚❤❡ ❊❚❆ ❢st

µ[Sµ

@] ✐s ❝♦♠♣❧✐❛♥t ✇✐t❤ ❜♦t❤ ❘❡qs ❜❡❝❛✉s❡

(0, 0, 0)
({u1},join,{s})
−−−−−−−−−−→

❢stµ[Sµ
@
] (1, 0, 1) ❛♥❞ (0, 0, 0)

({u2},join,{s})
−−−−−−−−−−→

❢stµ[Sµ
@
] (0, 1, 1)✳

◆♦✇ ❛ss✉♠❡ t❤❛t ✉s❡r Aµ

u1
❥♦✐♥s✳ ❚❤❡♥ ❢st

µ[Sµ

@] ❡♥❞s ✉♣ ✐♥ st❛t❡ (1, 0, 1)✱ ✇❤❡r❡
✉s❡r Aµ

u2
♠❛② ❞❡❝✐❞❡ t♦ ❥♦✐♥✱ ✐✳❡✳ t❤❡r❡ ✐s ❛ ❘❡q r❝♣({u2}, join)@(1, 0, 1)✳ ❇✉t

t❤❡ s❡r✈❡r ✐s ♥♦t ②❡t r❡❛❞② ❢♦r Aµ

u2
❛s ✐t ✜rst ♥❡❡❞s t♦ s❡♥❞ ❛ ❝♦♥✜r♠❛t✐♦♥ t♦

Aµ

u1
✳ ❚❤❡r❡❢♦r❡ ❢st

µ[Sµ

@] ✐s ♥♦t ❝♦♠♣❧✐❛♥t ✇✐t❤ r❝♣({u2}, join)@(1, 0, 1)✱ ❜✉t ✐t ✐s

✇❡❛❦❧② ❝♦♠♣❧✐❛♥t ✇✐t❤ t❤✐s ❘❡q✳ ❲❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❊❚❆ ❢st
µ[Sµ

@] ✐s ❡✐t❤❡r
❝♦♠♣❧✐❛♥t ♦r ✇❡❛❦❧② ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛♥② ❘❡q ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ✇❡❛❦❧② r❡❝❡♣t✐✈❡✳

◆❡①t✱ ❝♦♥s✐❞❡r ❊❚❆ ❢st
b[Sb

@] ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❙❚❙ ❢st
b ♦✈❡r t❤❡ s②st❡♠ Sb

@ =
(N , {Ab

u1
, Ab

u2
, Ab

s}) ♦❢ ❊①❛♠♣❧❡ ✶ ✇✐t❤ ❢st
b(join) = ❢st

b(leave) = ([1, ∗], [1, 1])✳
■♥ st❛t❡ (0, 0, 0)✱ ❜♦t❤ ✉s❡rs ❛r❡ ❡♥❛❜❧❡❞ t♦ ♦✉t♣✉t join✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ s❡♥❞✐♥❣ ♠✉❧t✐♣❧✐❝✐t② [1, ∗] ♦❢ ❢stb(join)✱ t❤❡r❡ ❛r❡ t❤r❡❡ ❘❡qs ❢♦r t❤❛t st❛t❡✱
❛♠♦♥❣ ✇❤✐❝❤ r❝♣({u1, u2}, join)@(0, 0, 0)✳ ◆♦t❡ t❤❛t ❢st

b[Sb

@] ✐s ❝♦♠♣❧✐❛♥t ✇✐t❤

t❤✐s ❘❡q ❞✉❡ t♦ t❤❡ t❡❛♠ tr❛♥s✐t✐♦♥ (0, 0, 0)
({u1,u2},join,{s})
−−−−−−−−−−−−→

❢stb[Sb
@
] (1, 1, 1)✳ ■♥

❢❛❝t✱ t❤❡ ❊❚❆ ❢st
b[Sb

@] ✐s ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛❧❧ ❘❡qs ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s r❡❝❡♣t✐✈❡✳ ⊲

✹✳✷ ❋❡❛t✉r❡❞ ❘❡❝❡♣t✐✈❡♥❡ss ❢♦r ❢❊❚❆

❲❡ ♥♦✇ t✉r♥ t♦ ❢❊❚❆ ❛♥❞ ❞✐s❝✉ss ❤♦✇ t❤❡ ♥♦t✐♦♥s ♦❢ r❡❝❡♣t✐✈❡♥❡ss r❡q✉✐r❡♠❡♥ts✱
❝♦♠♣❧✐❛♥❝❡✱ ❛♥❞ r❡❝❡♣t✐✈❡♥❡ss ❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞ t♦ t❤❡ ❢❡❛t✉r❡ ❧❡✈❡❧✳ ❲❡ ❛ss✉♠❡
❛ ❣✐✈❡♥ ❢❊❚❆ ❢st[S] = (Q, I,Σ,E, F , fm , γ ) ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❢❙❚❙ ❢st ♦✈❡r
❛♥ ❢❙②s S = (N , (Ai)i∈N )✱ ✇✐t❤ ❢❈❆ Ai✳ ❚❤❡ ❝r✉❝✐❛❧ ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ❝❛s❡
♦❢ ❊❚❆ ✐s t❤❛t ❢❊❚❆ ❛r❡ ❜❛s❡❞ ♦♥ s②♥t❛❝t✐❝ s♣❡❝✐✜❝❛t✐♦♥s ♠♦❞❡❧❧✐♥❣ ❢❛♠✐❧✐❡s ♦❢
t❡❛♠s✳ ❍❡♥❝❡ ❛ ❘❡q r❝♣(J, a)@q ❢♦r♠✉❧❛t❡❞ ❢♦r ❛♥ ❊❚❆ ❝❛♥♥♦t ❜❡ ❢♦r♠✉❧❛t❡❞
❢♦r ❛ ❢❊❚❆ ❛s ✐t ✐s✳ ■♥st❡❛❞✱ ✐t ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✈❛❧✐❞ ♣r♦❞✉❝ts p ♦❢ t❤❡
❢❛♠✐❧② ❢♦r ✇❤✐❝❤ t❤❡ r❡q✉✐r❡♠❡♥t ✐s ♠❡❛♥✐♥❣❢✉❧✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ♣r♦♣♦s❡
t♦ ❝♦♠♣❧❡♠❡♥t r❝♣(J, a)@q ❜② ❛ s②♥t❛❝t✐❝ ❛♣♣❧✐❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ r❡s✉❧t✐♥❣ ✐♥ ❛
❢❡❛t✉r❡❞ r❡❝❡♣t✐✈❡♥❡ss r❡q✉✐r❡♠❡♥t ✭❢❘❡q✮✱ ✇r✐tt❡♥ ❛s [♣r♦❞(J , a, q)] r❝♣(J, a)@q✳
❍❡r❡✐♥ ♣r♦❞(J, a, q) ✐s ❛ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐s❡s t❤❡ s❡t ♦❢ ✈❛❧✐❞
♣r♦❞✉❝ts ❢♦r ✇❤✐❝❤ t❤❡ ❘❡q r❝♣(J, a)@q ✐s ❛♣♣❧✐❝❛❜❧❡ ❢♦r ❢st[S]p✳ ❚❤❡ ❡①♣r❡ss✐♦♥
♣r♦❞(J, a, q) = ❢❡(J, a, q) ∧ χP (❢st,J,a) ∧ χP (q) ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rts✿

✶✳ ❢❡(J, a, q) ❂
∧

j∈J

∨

γj(qj
a
−→Aj

q′j) ❝♦♠❜✐♥❡s t❤❡ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥s ♦❢ ❛❧❧
tr❛♥s✐t✐♦♥s ♦❢ ❝♦♠♣♦♥❡♥ts Aj ✭j ∈ J✮ ✇✐t❤ ❛❝t✐♦♥ a ❛♥❞ st❛rt✐♥❣ ✐♥ t❤❡ ❧♦❝❛❧

st❛t❡ qj ✳ ❋♦r ❛♥② ❢❈❆ Aj ✱ t❤❡ ❞✐s❥✉♥❝t✐♦♥
∨

γj(qj
a
−→Aj

q′j) r❛♥❣❡s ♦✈❡r t❤❡
❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥s ♦❢ ❛❧❧ ❧♦❝❛❧ tr❛♥s✐t✐♦♥s ♦❢ Aj st❛rt✐♥❣ ✐♥ qj ❛♥❞ ❧❛❜❡❧❧❡❞
✇✐t❤ a✳ ❍❡♥❝❡✱ ✐❢ t❤❡r❡ ❛r❡ ♠♦r❡ s✉❝❤ tr❛♥s✐t✐♦♥s ✐t ✐s s✉✣❝✐❡♥t ✐❢ ♦♥❡ ♦❢
t❤❡♠ ✐s r❡❛❧✐s❡❞ ✭✐♥ ❛ ♣r♦❥❡❝t✐♦♥ ♦❢ Aj✮✳ ❚❤✉s ❢❡(J, a, q) ❝❤❛r❛❝t❡r✐s❡s t❤♦s❡
♣r♦❞✉❝ts p ❢♦r ✇❤✐❝❤ ♦✉t❣♦✐♥❣ tr❛♥s✐t✐♦♥s ✇✐t❤ ♦✉t♣✉t a ❛r❡ r❡❛❧✐s❛❜❧❡ ✐♥ t❤❡
❧♦❝❛❧ st❛t❡s qj ♦❢ Aj ❛♥❞ ❤❡♥❝❡ ❡♥❛❜❧❡❞ ✐♥ qj ✐♥ t❤❡ ♣r♦❥❡❝t❡❞ ❝♦♠♣♦♥❡♥t Ap

j ✳



✶✷ t❡r ❇❡❡❦✱ ❈❧❡❞♦✉✱ ❍❡♥♥✐❝❦❡r✱ Pr♦❡♥ç❛

✷✳ χP (❢st,J,a) ✐s t❤❡ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐s❡s ✭❝❢✳ ❙❡❝t✐♦♥ ✷✮ t❤❡ s❡t
P (❢st, J, a) = {p ∈ JfmK | ❢st(p, a)=(s, r) ⇒ |J | ∈ s ∧ 0 /∈ r}✳ ❚❤✐s ✐s t❤❡
s❡t ♦❢ ❛❧❧ ♣r♦❞✉❝ts p s✉❝❤ t❤❛t ❢st(p, a) ❛❧❧♦✇s |J | ❛s ♥✉♠❜❡r ♦❢ s❡♥❞❡rs ❛♥❞
r❡q✉✐r❡s ❛t ❧❡❛st ♦♥❡ r❡❝❡✐✈❡r✳

✸✳ χP (q) ✐s t❤❡ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐s❡s t❤❡ s❡t P (q) ♦❢ ♣r♦❞✉❝ts
❢♦r ✇❤✐❝❤ st❛t❡ q ✐s r❡❛❝❤❛❜❧❡ ❜② tr❛♥s✐t✐♦♥s ♦❢ ❢st[S] ✇❤♦s❡ ❝♦♥str❛✐♥ts ❛r❡

s❛t✐s✜❡❞ ❜② p✱ ✐✳❡✳ P (q) = {p ∈ JfmK | ∃q0∈I · q0
l1−→❢st[S] q1

l2−→ . . .
ln−→❢st[S]

qn = q ❢♦r s♦♠❡ n ≥ 0, ❛♥❞ p |= γ(qi−1
li−→❢st[S] qi) ❢♦r i = 1, . . . , n}.

■♥ s✉♠♠❛r②✱ ❛♥ ❢❘❡q ❢♦r ❢st[S] ❤❛s t❤❡ ❢♦r♠ [♣r♦❞(J , a, q)] r❝♣(J, a)@q✱ ✇❤❡r❡
q ∈ Q ✐s ❛ r❡❛❝❤❛❜❧❡ st❛t❡ ♦❢ ❢st[S]✱ a ∈ Σ✱ ∅ 6= J ⊆ N ✐s ❛ s❡t ♦❢ ❝♦♠♣♦♥❡♥t
♥❛♠❡s s✉❝❤ t❤❛t ∀j∈J · a ∈ Σ!

j ∧ a ❡♥Aj
@qj ✱ ❛♥❞ ♣r♦❞(J, a, q) ✐s ❛ s❛t✐s✜❛❜❧❡

❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ❛s ❞❡✜♥❡❞ ❛❜♦✈❡✳ ◆♦t❡ t❤❛t |= ♣r♦❞(J, a, q) → fm✱ ❜❡❝❛✉s❡
P (❢st, J, a) ✐♥ ✐t❡♠ ✷ ✭❛♥❞ ❛❧s♦ P (q) ✐♥ ✐t❡♠ ✸✮ ✐s ❛ s✉❜s❡t ♦❢ JfmK✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♣r♦✈✐❞❡s ❛ ❢♦r♠❛❧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❘❡qs ❛♥❞ ❢❘❡qs✳

▲❡♠♠❛ ✶✳ ❋♦r ❛❧❧ ♣r♦❞✉❝ts p ✐t ❤♦❧❞s✿ [♣r♦❞(J , a, q)] r❝♣(J, a)@q ✐s ❛♥ ❢❘❡q ❢♦r
❢st[S] ❛♥❞ p |= ♣r♦❞(J, a, q) ✐✛ p ∈ JfmK ❛♥❞ r❝♣(J, a)@q ✐s ❛ ❘❡q ❢♦r ❢st[S]p✳

❊①❛♠♣❧❡ ✺✳ ❋✐❣✳ ✻ s❤♦✇s ❛♥ ❡①❝❡r♣t ♦❢ t❤❡ ❢❊❚❆ ❢st[S@] ✐♥ ❋✐❣✳ ✺ ❞❡♣✐❝t✐♥❣ t❤❡
❢❘❡qs ❢♦r st❛t❡s (0, 0, 0)✱ (0, 1, 1)✱ ❛♥❞ (0, 2, 0)✳ ❋✐rst ♥♦t❡ t❤❛t ❛♥ ♦✉t♣✉t ♦❢ join ✐s
❡♥❛❜❧❡❞ ❛t ❧♦❝❛❧ st❛t❡ ✵ ✐♥ ❜♦t❤ ❝♦♠♣♦♥❡♥ts Au1

❛♥❞ Au2
✳ ❋♦r r❝♣({u1}, join) ❛t

st❛t❡ (0, 0, 0) ✇❡ ❣❡t ❢❡({u1}, join, (0, 0, 0)) = µ∨b ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥str❛✐♥ts ♦❢
❜♦t❤ join tr❛♥s✐t✐♦♥s ✐♥ Au1

✳ ▼♦r❡♦✈❡r✱ P (❢st, {u1}, join) = {{µ}, {b}} = JfmK
❛♥❞ t❤❡r❡❢♦r❡ χP (❢st,{u1},join) ✐s ❡q✉✐✈❛❧❡♥t t♦ fm✳ ❆❧s♦ P (0, 0, 0) = {{µ}, {b}}
s✐♥❝❡ st❛t❡ (0, 0, 0) ✐s r❡❛❝❤❛❜❧❡ ✐♥ ❜♦t❤ ♣r♦❞✉❝ts✳ ❙♦ ♣r♦❞({u1}, join, (0, 0, 0)) =
(µ ∨ b) ∧ fm ∧ fm✱ ✇❤✐❝❤ r❡❞✉❝❡s t♦ fm = µ ⊕ b✳ ❚❤✉s ✇❡ ❣❡t t❤❡ ❢❘❡q
[µ⊕b] r❝♣({u1}, join) ❛t (0, 0, 0)✳ ❚❤❡ ❝❛s❡ ♦❢ {u2} ✐s ❛♥❛❧♦❣♦✉s✳

❈♦♥s✐❞❡r✐♥❣ ❛ ♣♦ss✐❜❧❡ s✐♠✉❧t❛♥❡♦✉s ♦✉t♣✉t ♦❢ join ❜② u1 ❛♥❞ u2 ✇❡ ❣❡t
❢❡({u1, u2}, join, (0, 0, 0)) = (µ∨b)∨(µ∨b). ❆♥❞ ✇❡ ❣❡t P (❢st, {u1, u2}, join) =
{{b}}✱ s✐♥❝❡ ♦♥❧② ❢♦r t❤❡ ♣r♦❞✉❝t {b} ❛ s②♥❝❤r♦♥✐s❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ✉s❡rs ✐s
❛❧❧♦✇❡❞✳ ❚❤❡r❡❢♦r❡ χP (❢st,{u1,u2},join) = b ∧ ¬µ✳ ❆s ❛❜♦✈❡✱ χP (0,0,0) = fm✳ ❚❤✉s
♣r♦❞({u1, u2}, join, (0, 0, 0)) = (µ∨b)∧(b∧¬µ)∧ fm✱ ✇❤✐❝❤ r❡❞✉❝❡s t♦ b∧¬µ✳
❍❡♥❝❡ ✇❡ ❣❡t t❤❡ ❢❘❡q [b ∧ ¬µ] r❝♣({u1, u2}, join) ❛t (0, 0, 0)✳

❆♥ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ✐s [µ ∧ ¬b] r❝♣({u1}, join) ❛t (0, 1, 1)✳ ❍❡r❡ ❢❡({u1}, join,
(0, 1, 1)) ✐s ❛❣❛✐♥ µ∨b ❛♥❞ χP (❢st,{u1},join) ✐s ❡q✉✐✈❛❧❡♥t t♦ fm✳ ❍♦✇❡✈❡r✱ t❤❡ st❛t❡
(0, 1, 1) ✐s ♦♥❧② r❡❛❝❤❛❜❧❡ ✐♥ t❤❡ ♣r♦❞✉❝t {µ}✱ ✐✳❡✳ P (0, 1, 1) = {{µ}}✳ ❚❤❡r❡❢♦r❡✱
χ
P (0,1,1) = µ∧¬b✳ ■♥ s✉♠♠❛r②✱ ♣r♦❞({u1, u2}, join, (0, 1, 1)) = (µ∧b)∧fm∧(µ∧

¬b)✱ ✇❤✐❝❤ r❡❞✉❝❡s t♦ (µ ∧ ¬b)✳ ❚❤❡ ♦t❤❡r ❢❘❡qs ❛r❡ ❝♦♠♣✉t❡❞ s✐♠✐❧❛r❧②✳ ⊲

◆❡①t✱ ✇❡ ❞❡✜♥❡ ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ ❛♥ ❢❘❡q✳ ❲❡ ✉s❡ ❛ ❧♦❣✐❝❛❧ ❢♦r♠✉❧❛✲
t✐♦♥ ✇❤✐❝❤✱ ❛s ✇❡ s❤❛❧❧ s❡❡✱ ❝❛♣t✉r❡s ❝♦♠♣❧✐❛♥❝❡ ❢♦r t❤❡ ✇❤♦❧❡ ❢❛♠✐❧② ♦❢ ♣r♦❞✉❝ts✳

❚❤❡ ❢❊❚❆ ❢st[S] ✐s ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛♥ ❢❘❡q [ψ] r❝♣(J, a)@q ✐❢ ❢♦r

s♦♠❡ n ≥ 1 ❛♥❞ ❢♦r k = 1, . . . , n t❤❡r❡ ❡①✐st tr❛♥s✐t✐♦♥s tk = q
(J,a,Rk)
−−−−−→❢st[S] q

k

✇✐t❤ Rk 6= ∅ s✉❝❤ t❤❛t |= ψ →
∨

k∈{1,...,n} γ(t
k).



❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛ ✶✸

0, 0, 0 0, 2, 0

0, 1, 1

· · · · · ·

[b ∧ fm] {u2}, join, {s}

[µ ∧ fm]
{u2}, join, {s}

[µ ∧ fm]
{s}, confirm, {u2}

[⊤ ∧ fm] {u2}, leave, {s}

fm = µ ⊕ b

[µ ⊕ b] r❝♣({u1}, join)
[µ ⊕ b] r❝♣({u2}, join)
[b ∧ ¬ µ] r❝♣({u1, u2}, join)

[µ ⊕ b] r❝♣({u1}, join)
[µ ⊕ b] r❝♣({u2}, leave)

[µ ∧ ¬b] r❝♣({u1}, join)
[µ ∧ ¬b] r❝♣({s}, confirm)

❋✐❣✳ ✻✿ P❛rt ♦❢ ❢st[S@] ❢r♦♠ ❋✐❣✳ ✺ ❡♥r✐❝❤❡❞ ✇✐t❤ ❘❡qs

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥❝❡ ❝❛♥ ❜❡ ✉♥❢♦❧❞❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛❧❧
p ∈ JfmK✳ ❚❤✐s s❤♦✇s t❤❡ r❡❧❛t✐♦♥s❤✐♣ t♦ t❤❡ ❝♦♠♣❧✐❛♥❝❡ ♥♦t✐♦♥ ❢♦r ❊❚❆✳

▲❡♠♠❛ ✷✳ ▲❡t [ψ] r❝♣(J, a)@q ❜❡ ❛♥ ❢❘❡q ❢♦r t❤❡ ❢❊❚❆ ❢st[S]✳ ❚❤❡♥✿




❢st[S] ✐s ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥t

✇✐t❤ [ψ] r❝♣(J, a)@q



⇔





∀p⊆F ✇✐t❤ p|=ψ · ∃R 6=∅ ❛♥❞ q′∈Q·

q
(J,a,R)
−−−−→❢st[S] q

′ ❛♥❞ p |= γ(q
(J,a,R)
−−−−→❢st[S] q

′)





❚❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥ ❣❡♥❡r❛❧✐s❡s ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥❝❡ t♦ ❢❡❛t✉r❡❞ ✇❡❛❦ ❝♦♠♣❧✐✲
❛♥❝❡✳ ■t ✐s ❛ t❡❝❤♥✐❝❛❧ ❜✉t str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ t❤❛t tr❛♥s❢❡rs t❤❡ ❝♦♥❝❡♣t
♦❢ ✇❡❛❦ r❡❝❡♣t✐✈❡♥❡ss t♦ t❤❡ ❢❡❛t✉r❡❞ ❧❡✈❡❧✳

❚❤❡ ❢❊❚❆ ❢st[S] ✐s ❢❡❛t✉r❡❞ ✇❡❛❦❧② ❝♦♠♣❧✐❛♥t ✇✐t❤ ❛♥ ❢❘❡q [ψ] r❝♣(J, a)@q ✐❢
❢♦r s♦♠❡ n ≥ 1 ❛♥❞ ❢♦r k = 1, . . . , n t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s σk ♦❢ tr❛♥s✐t✐♦♥s

σk = qk0
(Sk

0
,ak

0
,Rk

0
)

−−−−−−−→❢st[S] q
k
1 · · · qkmk

(Sk
mk

,a,Rk
mk

)
−−−−−−−−−→❢st[S] q

k
mk+1

✇✐t❤ qk0 = q,mk ≥ 0✱ (Ski ∪ Rki ) ∩ J = ∅ ❢♦r i = 0, . . . ,mk−1✱ R
k
i 6= ∅ ❢♦r

i = 0, . . . ,mk✱ ❛♥❞ S
k
mk

= J s✉❝❤ t❤❛t

|= ψ →
∨

k∈{1,...,n}

∧

i∈{0,...,mk}

γ(qki
(Sk

i ,a
k
i ,R

k
i )−−−−−−−→❢st[S] q

k
i+1).

❲❡ r❡♠❛r❦ t❤❛t ▲❡♠♠❛ ✷ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ✇❛② t♦ ❝❤❛r✲
❛❝t❡r✐s❡ ❢❡❛t✉r❡❞ ✇❡❛❦ ❝♦♠♣❧✐❛♥❝❡✳

❚❤❡ ❢❊❚❆ ❢st[S] ✐s ❢❡❛t✉r❡❞ ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡ ✐❢ ✐t ✐s ❢❡❛t✉r❡❞ ✭✇❡❛❦❧②✮ ❝♦♠✲
♣❧✐❛♥t ✇✐t❤ ❛❧❧ ❢❘❡qs ❢♦r ❢st[S]✳

❊①❛♠♣❧❡ ✻✳ ❲❡ ❝♦♥s✐❞❡r s♦♠❡ ❢❘❡qs ❢♦r t❤❡ ❢❊❚❆ ❢st[S@] ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳
❚❤❡ ✜rst ❢❘❡q ✐s [µ⊕b] r❝♣({u1}, join)@(0, 0, 0)✳ ❆s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✳ ✺✱ t❤❡r❡
❛r❡ t✇♦ tr❛♥s✐t✐♦♥s✱ s❛② t1, t2✱ ✐♥ ❢st[S@] ✇✐t❤ s♦✉r❝❡ st❛t❡ (0, 0, 0) ❛♥❞ ❧❛❜❡❧
({u1}, join, {s})✱ s✉❝❤ t❤❛t γ(t1) = µ ∧ fm ❛♥❞ γ(t2) = b ∧ fm. ❍❡♥❝❡✱ ❢♦r
❝❤❡❝❦✐♥❣ ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ t❤✐s ❢❘❡q ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡✿

|= µ⊕b → (µ ∧ fm) ∨ (b ∧ fm).



✶✹ t❡r ❇❡❡❦✱ ❈❧❡❞♦✉✱ ❍❡♥♥✐❝❦❡r✱ Pr♦❡♥ç❛

❇✉t t❤✐s ✐s ❡❛s②✱ s✐♥❝❡ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ fm = µ⊕b✳ ❚♦ ❛❝❤✐❡✈❡
t❤✐s ✐t ✐s ❡ss❡♥t✐❛❧ t♦ ❤❛✈❡ t❤❡ ❞✐s❥✉♥❝t✐♦♥ ♦❢ γ(t1) ❛♥❞ γ(t2) ✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥✳

❆s ❛ s❡❝♦♥❞ ❢❘❡q ✇❡ ❝♦♥s✐❞❡r [b ∧ ¬µ] r❝♣({u1, u2}, join)@(0, 0, 0)✳ ❆s ✇❡
❝❛♥ s❡❡ ✐♥ ❋✐❣✳ ✺✱ t❤❡r❡ ✐s ♦♥❡ tr❛♥s✐t✐♦♥ ✐♥ ❢st[S@] ✇✐t❤ s♦✉r❝❡ st❛t❡ (0, 0, 0) ❛♥❞
❧❛❜❡❧ ({u1, u2}, join, {s})✱ ✇❤✐❝❤ ❤❛s t❤❡ tr❛♥s✐t✐♦♥ ❝♦♥str❛✐♥t b ∧ ¬µ✳ ❋❡❛t✉r❡❞
❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ t❤✐s ❢❘❡q ❤♦❧❞s tr✐✈✐❛❧❧②✱ s✐♥❝❡

|= b ∧ ¬µ → b ∧ ¬µ.

❆s ❛ ❧❛st ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❢❘❡q [µ ∧ ¬b] r❝♣({u1}, join)@(0, 1, 1)✳ ■♥ st❛t❡
(0, 1, 1)✱ ♥♦ tr❛♥s✐t✐♦♥ ✇✐t❤ ❛❝t✐♦♥ join ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❢❊❚❆ ❢st[S@]✳
❚❤❡r❡❢♦r❡ ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥❝❡ ❞♦❡s ♥♦t ❤♦❧❞✳ ❍♦✇❡✈❡r✱ ❢❡❛t✉r❡❞ ✇❡❛❦ ❝♦♠♣❧✐❛♥❝❡
❤♦❧❞s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥s✳ ❲❡ t❛❦❡ n = 1 ✭✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❢❡❛t✉r❡❞ ✇❡❛❦
❝♦♠♣❧✐❛♥❝❡✮ ❛♥❞ s❡❧❡❝t✱ ✐♥ ❋✐❣✳ ✺✱ t❤❡ tr❛♥s✐t✐♦♥ s❡q✉❡♥❝❡

(0, 1, 1)
[µ∧fm]({s}, confirm,{u2})
−−−−−−−−−−−−−−−−→ (0, 2, 0)

[µ∧fm]({u1}, join,{s})
−−−−−−−−−−−−−−→ (1, 2, 1).

❚❤❡♥✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✭❝♦♥❥♦✐♥✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ♦❢ t❤❡ t✇♦
❝♦♥s❡❝✉t✐✈❡ tr❛♥s✐t✐♦♥s ✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥✮✿ |= (µ ∧ ¬b) → (µ ∧ fm) ∧ (µ ∧ fm).
❖❜✈✐♦✉s❧②✱ t❤✐s ❤♦❧❞s s✐♥❝❡ t❤❡ ❝♦♥❝❧✉s✐♦♥ r❡❞✉❝❡s t♦ µ∧¬b✳ ❲❡ ❝❛♥ s❤♦✇ t❤❛t
t❤❡ ❢❊❚❆ ❢st[S@] ✐s ❡✐t❤❡r ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥t ♦r ❢❡❛t✉r❡❞ ✇❡❛❦❧② ❝♦♠♣❧✐❛♥t ✇✐t❤
❛♥② ❢❘❡q ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ❢❡❛t✉r❡❞ ✇❡❛❦❧② r❡❝❡♣t✐✈❡✳ ⊲

✹✳✸ ❋r♦♠ ❋❡❛t✉r❡❞ ❘❡❝❡♣t✐✈❡♥❡ss t♦ ❘❡❝❡♣t✐✈❡♥❡ss

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ♦✉r ♠❛✐♥ r❡s✉❧t✳ ❲❡ s❤♦✇ t❤❛t ✐♥st❡❛❞ ♦❢ ❝❤❡❝❦✐♥❣ ♣r♦❞✉❝t✲
✇✐s❡ ❡❛❝❤ ♠❡♠❜❡r ♦❢ ❛ ❢❛♠✐❧② ♦❢ ♣r♦❞✉❝t ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ✭✇❡❛❦✮ r❡❝❡♣t✐✈❡♥❡ss✱
✐t ✐s s✉✣❝✐❡♥t t♦ ✈❡r✐❢② ♦♥❝❡ ❢❡❛t✉r❡❞ ✭✇❡❛❦✮ r❡❝❡♣t✐✈❡♥❡ss ❢♦r t❤❡ ❢❛♠✐❧② ♠♦❞❡❧✳
❲❡ ❝❛♥ ❡✈❡♥ s❤♦✇ t❤❛t t❤✐s t❡❝❤♥✐q✉❡ ✐s ♥♦t ♦♥❧② s♦✉♥❞ ❜✉t ❛❧s♦ ❝♦♠♣❧❡t❡ ✐♥
t❤❡ s❡♥s❡✱ t❤❛t ✐❢ ✇❡ ❞✐s♣r♦✈❡ ❢❡❛t✉r❡❞ ✭✇❡❛❦✮ r❡❝❡♣t✐✈❡♥❡ss ♦♥ t❤❡ ❢❛♠✐❧② ❧❡✈❡❧✱
t❤❡♥ t❤❡r❡ ✇✐❧❧ ❜❡ ❛ ♣r♦❞✉❝t ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ✐s ♥♦t ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡✳

❚❤❡♦r❡♠ ✷✳ ▲❡t S ❜❡ ❛♥ ❢❙②s ✇✐t❤ ❢❡❛t✉r❡ ♠♦❞❡❧ fm✱ ❧❡t ❢st ❜❡ ❛♥ ❢❙❚❙✱ ❛♥❞
❧❡t ❢st[S] ❜❡ ✐ts ❣❡♥❡r❛t❡❞ ❢❊❚❆✳ ❚❤❡♥✿

[

❢st[S] ✐s ❢❡❛t✉r❡❞ ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡
]

⇔

[

∀p∈JfmK · ❢st[S]
p ✐s ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡

]

❊①❛♠♣❧❡ ✼✳ ■♥ ❊①❛♠♣❧❡ ✻ ✇❡ s❤♦✇❡❞ t❤❛t t❤❡ ❢❊❚❆ ❢st[S@] ✐s ❢❡❛t✉r❡❞ ✇❡❛❦❧②
r❡❝❡♣t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❜♦t❤ ♣r♦❞✉❝ts
{µ} ❛♥❞ {b}✱ t❤❡ ❊❚❆ ❢st

µ[Sµ

@] ❛♥❞ ❢st
b[Sb

@] ❛r❡ ✇❡❛❦❧② r❡❝❡♣t✐✈❡ ✭❛ r❡s✉❧t ✇❤✐❝❤
✇❡ ❝❤❡❝❦❡❞ ♣r♦❞✉❝t✲✇✐s❡ ✐♥ ❊①❛♠♣❧❡ ✹✮✳ ⊲

◆♦t❡ ♦♥ ❈♦♠♣❧❡①✐t② ◆♦t❡ t❤❛t ❛♥ ❢❘❡q ❢♦r ❢st[S] ♥❡❝❡ss❛r✐❧② ✐♥✈♦❧✈❡s ❛ s②♥t❛❝✲
t✐❝ ❛♣♣❧✐❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ t❤❛t ❝❤❛r❛❝t❡r✐s❡s t❤❡ s❡t
♦❢ ✈❛❧✐❞ ♣r♦❞✉❝ts p ❢♦r ✇❤✐❝❤ t❤❡ ❢❡❛t✉r❡❧❡ss ❘❡q ✐s ❛♣♣❧✐❝❛❜❧❡ ❢♦r ❢st[S]p✳ P❛rt ♦❢
t❤✐s ❢❡❛t✉r❡ ❡①♣r❡ss✐♦♥ ✐s ❛ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ χP (q) ♦❢ t❤❡ s❡t P (q) ♦❢ ♣r♦❞✉❝ts ❢♦r



❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛ ✶✺

✇❤✐❝❤ st❛t❡ q ✐s r❡❛❝❤❛❜❧❡ ❜② tr❛♥s✐t✐♦♥s ♦❢ ❢st[S] ✇❤♦s❡ ❝♦♥str❛✐♥ts ❛r❡ s❛t✐s✜❡❞
❜② p✱ ✇❤✐❝❤ r❡q✉✐r❡s ❛ r❡❛❝❤❛❜✐❧✐t② ❝❤❡❝❦ ❢♦r q✳ ❚❤✐s ♠❛② s❡❡♠ ❝♦♠♣✉t❛t✐♦♥❛❧❧②
❡①♣❡♥s✐✈❡✳ ❍♦✇❡✈❡r✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t st❛t✐❝ ❛♥❛❧②s✐s ♦❢ ♣r♦♣❡rt✐❡s ♦❢ ❢❚❙s
t❤❛t ❝♦♥❝❡r♥ t❤❡ r❡❛❝❤❛❜✐❧✐t② ♦❢ st❛t❡s ❛♥❞ tr❛♥s✐t✐♦♥s ✐♥ ✈❛❧✐❞ ♣r♦❞✉❝ts ✭▲❚❙s✮
✐s ❢❡❛s✐❜❧❡ ✐♥ r❡❛s♦♥❛❜❧❡ t✐♠❡ ❡✈❡♥ ❢♦r ❢❚❙s ♦❢ ❝♦♥s✐❞❡r❛❜❧❡ s✐③❡✱ ❜② r❡❞✉❝✐♥❣ t❤❡
❛♥❛❧②s✐s t♦ ❙❆❚ s♦❧✈✐♥❣ ❬✼❪✳ ■♥ ❢❛❝t✱ ✇❤✐❧❡ ❙❆❚ s♦❧✈✐♥❣ ✐s ◆P✲❝♦♠♣❧❡t❡✱ ❙❆❚
s♦❧✈❡rs ❛r❡ ❡✛❡❝t✐✈❡❧② ✉s❡❞ ❢♦r st❛t✐❝ ❛♥❛❧②s✐s ♦❢ ❢❡❛t✉r❡ ♠♦❞❡❧s ✇✐t❤ ❤✉♥❞r❡❞s
♦❢ t❤♦✉s❛♥❞s ♦❢ ❝❧❛✉s❡s ❛♥❞ t❡♥s ♦❢ t❤♦✉s❛♥❞s ♦❢ ✈❛r✐❛❜❧❡s ❬✸✷✱✸✶❪✳ ❋✐♥❛❧❧②✱ ✇❡
♥♦t❡ t❤❛t t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ st✐❧❧ s♦✉♥❞✱ ❜✉t ♥♦t ❝♦♠♣❧❡t❡✱
✇✐t❤♦✉t t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ P (q)✳

✺ ❚♦♦❧ ❙✉♣♣♦rt

❲❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ ♣r♦t♦t②♣✐❝❛❧ t♦♦❧ t♦ s♣❡❝✐❢② ❛♥❞ ❛♥❛❧②s❡ ❢❊❚❆✳ ❚❤✐s r❡q✉✐r❡s
t♦ ❞❡✜♥❡ ❛♥ ❢❙②s ♦✈❡r ❛ s❡t ♦❢ ❢❈❆✱ ❛ s❤❛r❡❞ ❢❡❛t✉r❡ ♠♦❞❡❧✱ ❛♥❞ ❛♥ ❢❙❚❙✳ ❚❤❡
t♦♦❧ ❝❛♥ ❜❡ ✉s❡❞ ♦♥❧✐♥❡ ❛♥❞ ❞♦✇♥❧♦❛❞❡❞ ❛t ❤tt♣s✿✴✴❣✐t❤✉❜✳❝♦♠✴❛r❝❛❧❛❜✴t❡❛♠✲❛✳
❚❤❡ ✐♥t❡r❢❛❝❡ ✐s ♦r❣❛♥✐s❡❞ ❜② ✺ ✇✐❞❣❡ts ✭✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✼✮✿ ✶ ❛ t❡①t ❡❞✐t♦r
t♦ s♣❡❝✐❢② ❛ ❢❊❚❆✱ ✉s✐♥❣ ❛ ❞❡❞✐❝❛t❡❞ ❞♦♠❛✐♥✲s♣❡❝✐✜❝ ❧❛♥❣✉❛❣❡❀ ✷ ❛♥ ❢❚❙ ✈✐❡✇
♦❢ t❤❡ ❢❊❚❆✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❘❡qs ❣❡♥❡r❛t❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❢♦r ❡❛❝❤ st❛t❡✱
s✐♠✐❧❛r t♦ ❋✐❣✳ ✻❀ ✸ ❛ s❡t ♦❢ ❡①❛♠♣❧❡ ❢❊❚❆❀ ✹ ❛ ✈✐❡✇ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❢❈❆✱
s✐♠✐❧❛r t♦ ❋✐❣✳ ✶❀ ❛♥❞ ✺ s♦♠❡ st❛t✐st✐❝s ♦❢ t❤❡ ✈❛r✐♦✉s ♠♦❞❡❧s✱ ✐♥❝❧✉❞✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ st❛t❡s✱ tr❛♥s✐t✐♦♥s✱ ❢❡❛t✉r❡s✱ ❛♥❞ ♣r♦❞✉❝ts✳

❚❤❡ t♦♦❧ ✐s ✇r✐tt❡♥ ✐♥ ❙❝❛❧❛ ❛♥❞ ✐t ✉s❡s t❤❡ P❧❛② ❋r❛♠❡✇♦r❦ t♦ ❣❡♥❡r❛t❡ ❛♥
✐♥t❡r❛❝t✐✈❡ ✇❡❜s✐t❡ ✉s✐♥❣ ❛ ❝❧✐❡♥t✲s❡r✈❡r ❛r❝❤✐t❡❝t✉r❡✳ ❚❤❡ ❙❝❛❧❛ ❝♦❞❡ ✐s ❝♦♠♣✐❧❡❞
✐♥t♦ ❏❛✈❛❙❝r✐♣t ✉s✐♥❣ Scala.js t♦ r✉♥ ♦♥ t❤❡ ❝❧✐❡♥t s✐❞❡✱ ❛♥❞ ✐♥t♦ ❏❱▼ ❜✐♥❛r✐❡s
t❤❛t r✉♥ ♦♥ t❤❡ s❡r✈❡r s✐❞❡✳ ❚❤❡ s❡r✈❡r s✐❞❡ ✐s ❝✉rr❡♥t❧② ♥❡❡❞❡❞ t♦ ✉s❡ ❛♥ ♦✛✲t❤❡✲
s❤❡❧❢ ❏❛✈❛ ❧✐❜r❛r②✱ Sat4j✱ t♦ ✜♥❞ ❛❧❧ ♣r♦❞✉❝ts t❤❛t s❛t✐s❢② ❛ ❢❡❛t✉r❡ ♠♦❞❡❧✳

✻ ❈♦♥❝❧✉s✐♦♥

❲❡ ✐♥tr♦❞✉❝❡❞ ❢❡❛t✉r❡❞ t❡❛♠ ❛✉t♦♠❛t❛ t♦ s♣❡❝✐❢② ❛♥❞ ❛♥❛❧②s❡ s②st❡♠s ♦❢ ❢❡❛✲
t✉r❡❞ ❝♦♠♣♦♥❡♥t ❛✉t♦♠❛t❛ ❛♥❞ t♦ ❡①♣❧♦r❡ ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✲
s❛❢❡t②✳ ❲❡ s❤♦✇❡❞ t❤❛t ❢❛♠✐❧②✲❜❛s❡❞ ❛♥❛❧②s✐s ♦❢ r❡❝❡♣t✐✈❡♥❡ss ✭♥♦ ♠❡ss❛❣❡ ❧♦ss✮
s✉✣❝❡s t♦ st✉❞② r❡❝❡♣t✐✈❡♥❡ss ♦❢ ♣r♦❞✉❝t ❝♦♥✜❣✉r❛t✐♦♥s✳ ❲❡ ✐♠♣❧❡♠❡♥t❡❞ ♦✉r
t❤❡♦r② ✐♥ ❛ ♣r♦t♦t②♣✐❝❛❧ t♦♦❧✳

■♥ t❤❡ ❢✉t✉r❡✱ ✇❡ ✐♥t❡♥❞ t♦ ❡①t❡♥❞ ♦✉r t❤❡♦r② t♦ ❛❞❞r❡ss ✐✮ r❡s♣♦♥s✐✈❡♥❡ss✱
✐✳❡✳ ♥♦ ✐♥❞❡✜♥✐t❡ ✇❛✐t✐♥❣ ❢♦r ✐♥♣✉t✱ ❛♥❞ ✐✐✮ ❝♦♠♣♦s✐t✐♦♥❛❧✐t②✱ ✐✳❡✳ ❡①t❡♥❞ ❢❊❚❆
t♦ ❝♦♠♣♦s✐t✐♦♥ ♦❢ s②st❡♠s ✭t❤❛t ❜❡❤❛✈❡s ✇❡❧❧ ✇✐t❤ ❢❙❚❙s✮ ❛♥❞ ✐♥✈❡st✐❣❛t❡ ❝♦♥✲
❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ s❛❢❡t② ✐s ♣r❡s❡r✈❡❞ ❜② ❢❊❚❆ ❝♦♠♣♦s✐t✐♦♥✳
▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ ❢✉rt❤❡r ❞❡✈❡❧♦♣ t❤❡ t♦♦❧ ❛♥❞ ❛♥❛❧②s❡ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❛❝t ♦❢
❢❊❚❆ ♦♥ t❤❡ ❜❛s✐s ♦❢ ❧❛r❣❡r ❝❛s❡ st✉❞✐❡s✳ ❚❤✐s ✐♥✈♦❧✈❡s ❛ t❤♦r♦✉❣❤ st✉❞② ♦❢ t❤❡
❡✣❝✐❡♥❝② ♦❢ ❢❡❛t✉r❡❞ r❡❝❡♣t✐✈❡♥❡ss ❝❤❡❝❦✐♥❣ ❝♦♠♣❛r❡❞ t♦ ♣r♦❞✉❝t✲✇✐s❡ ❝❤❡❝❦✐♥❣
♦❢ r❡❝❡♣t✐✈❡♥❡ss✳ ❋✐♥❛❧❧②✱ ✇❡ ❛✐♠ t♦ ✐♠♣❧❡♠❡♥t ❛ ❢❛♠✐❧②✲❜❛s❡❞ ❛♥❛❧②s✐s ❛❧❣♦r✐t❤♠
t❤❛t ❝♦♠♣✉t❡s✱ ❢♦r ❛ ❣✐✈❡♥ ❢❊❚❆✱ t❤❡ s❡t ♦❢ ❛❧❧ ♣r♦❞✉❝t ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ②✐❡❧❞
❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛❢❡ s②st❡♠s✳



✶✻ t❡r ❇❡❡❦✱ ❈❧❡❞♦✉✱ ❍❡♥♥✐❝❦❡r✱ Pr♦❡♥ç❛

✶ ✸

✺

✹

✷

❋✐❣✳ ✼✿ ❙❝r❡❡♥s❤♦ts ♦❢ t❤❡ ✇✐❞❣❡ts ✐♥ t❤❡ ♦♥❧✐♥❡ t♦♦❧ ❢♦r ❢❊❚❆

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ❚❡r ❇❡❡❦ r❡❝❡✐✈❡❞ ❢✉♥❞✐♥❣ ❢r♦♠ t❤❡ ▼■❯❘ P❘■◆ ✷✵✶✼❋❚❳❘✼❙
♣r♦❥❡❝t ■❚ ▼❛❚❚❡r❙ ✭▼❡t❤♦❞s ❛♥❞ ❚♦♦❧s ❢♦r ❚r✉st✇♦rt❤② ❙♠❛rt ❙②st❡♠s✮✳ ❈❧❡❞♦✉ ❛♥❞
Pr♦❡♥ç❛ r❡❝❡✐✈❡❞ ❢✉♥❞✐♥❣ ❢r♦♠ t❤❡ ❊❘❉❋ ✕ ❊✉r♦♣❡❛♥ ❘❡❣✐♦♥❛❧ ❉❡✈❡❧♦♣♠❡♥t ❋✉♥❞
t❤r♦✉❣❤ t❤❡ ❖♣❡r❛t✐♦♥❛❧ Pr♦❣r❛♠♠❡ ❢♦r ❈♦♠♣❡t✐t✐✈❡♥❡ss ❛♥❞ ■♥t❡r♥❛t✐♦♥❛❧✐s❛t✐♦♥ ✕
❈❖▼P❊❚❊ ✷✵✷✵ Pr♦❣r❛♠♠❡ ✭♣r♦❥❡❝t ❉❛❱✐♥❝✐✱ P❖❈■✲✵✶✲✵✶✹✺✲❋❊❉❊❘✲✵✷✾✾✹✻✮ ❛♥❞
❜② ◆❛t✐♦♥❛❧ ❋✉♥❞s t❤r♦✉❣❤ t❤❡ P♦rt✉❣✉❡s❡ ❢✉♥❞✐♥❣ ❛❣❡♥❝②✱ ❋❈❚ ✕ ❋✉♥❞❛çã♦ ♣❛r❛ ❛
❈✐ê♥❝✐❛ ❡ ❛ ❚❡❝♥♦❧♦❣✐❛✳ Pr♦❡♥ç❛ ❛❧s♦ r❡❝❡✐✈❡❞ ◆❛t✐♦♥❛❧ ❋✉♥❞s t❤r♦✉❣❤ ❋❈❚✴▼❈❚❊❙✱
✇✐t❤✐♥ t❤❡ ❈■❙❚❊❘ ❘❡s❡❛r❝❤ ❯♥✐t ✭❯■❉P✴❯■❉❇✴✵✹✷✸✹✴✷✵✷✵✮❀ ❜② t❤❡ ◆♦rt❡ P♦rt✉❣❛❧
❘❡❣✐♦♥❛❧ ❖♣❡r❛t✐♦♥❛❧ Pr♦❣r❛♠♠❡ ✕ ◆❖❘❚❊ ✷✵✷✵ ✭♣r♦❥❡❝t ❘❊❆❙❙❯❘❊✱ ◆❖❘❚❊✲✵✶✲
✵✶✹✺✲❋❊❉❊❘✲✵✷✽✺✺✵✮ ✉♥❞❡r t❤❡ P♦rt✉❣❛❧ ✷✵✷✵ P❛rt♥❡rs❤✐♣ ❆❣r❡❡♠❡♥t✱ t❤r♦✉❣❤ ❊❘❉❋
t❤❡ ❋❈❚❀ ❛♥❞ ❊✉r♦♣❡❛♥ ❋✉♥❞s t❤r♦✉❣❤ t❤❡ ❊❈❙❊▲ ❏♦✐♥t ❯♥❞❡rt❛❦✐♥❣ ✭❏❯✮ ✉♥❞❡r ❣r❛♥t
❛❣r❡❡♠❡♥t ◆♦ ✽✼✻✽✺✷ ✭♣r♦❥❡❝t ❱❆▲❯✸❙✮✳



❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛ ✶✼

❘❡❢❡r❡♥❝❡s

✶✳ ❆♣❡❧✱ ❙✳✱ ❇❛t♦r②✱ ❉✳✱ ❑äst♥❡r✱ ❈✳✱ ❙❛❛❦❡✱ ●✳✿ ❋❡❛t✉r❡✲❖r✐❡♥t❡❞ ❙♦❢t✲
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Pr♦❞✉❝t ▲✐♥❡ ❊♥❣✐♥❡❡r✐♥❣✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✹t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r✲
❡♥❝❡ ♦♥ ❆✉t♦♠❛t❡❞ ❙♦❢t✇❛r❡ ❊♥❣✐♥❡❡r✐♥❣ ✭❆❙❊✮✳ ♣♣✳ ✷✻✾✕✷✽✵✳ ■❊❊❊ ✭✷✵✵✾✮✳
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✸✶✳ ▲✐❛♥❣✱ ❏✳❍✳✱ ●❛♥❡s❤✱ ❱✳✱ ❈③❛r♥❡❝❦✐✱ ❑✳✱ ❘❛♠❛♥✱ ❱✳✿ ❙❆❚✲❜❛s❡❞ ❆♥❛❧②s✐s ♦❢
▲❛r❣❡ ❘❡❛❧✲✇♦r❧❞ ❋❡❛t✉r❡ ▼♦❞❡❧s ✐s ❊❛s②✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✾t❤ ■♥t❡r✲
♥❛t✐♦♥❛❧ ❙♦❢t✇❛r❡ Pr♦❞✉❝t ▲✐♥❡ ❈♦♥❢❡r❡♥❝❡ ✭❙P▲❈✮✳ ♣♣✳ ✾✶✕✶✵✵✳ ❆❈▼ ✭✷✵✶✺✮✳
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❡❧s ✐s ❊❛s②✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✸t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙♦❢t✇❛r❡ Pr♦❞✉❝t ▲✐♥❡ ❈♦♥✲
❢❡r❡♥❝❡ ✭❙P▲❈✮✳ ♣♣✳ ✷✸✶✕✷✹✵✳ ❆❈▼ ✭✷✵✵✾✮

✸✸✳ ▼✉s❝❤❡✈✐❝✐✱ ❘✳✱ Pr♦❡♥ç❛✱ ❏✳✱ ❈❧❛r❦❡✱ ❉✳✿ ❋❡❛t✉r❡ ◆❡ts✿ ❜❡❤❛✈✐♦✉r❛❧ ♠♦❞✲
❡❧❧✐♥❣ ♦❢ s♦❢t✇❛r❡ ♣r♦❞✉❝t ❧✐♥❡s✳ ❙♦❢t✇✳ ❙②s✳ ▼♦❞❡❧✳ ✶✺✭✹✮✱ ✶✶✽✶✕✶✷✵✻ ✭✷✵✶✻✮✳
❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴s✶✵✷✼✵✲✵✶✺✲✵✹✼✺✲③

✸✹✳ ▼✉s❝❤❡✈✐❝✐✱ ❘✳✱ Pr♦❡♥ç❛✱ ❏✳✱ ❈❧❛r❦❡✱ ❉✳✿ ▼♦❞✉❧❛r ▼♦❞❡❧❧✐♥❣ ♦❢ ❙♦❢t✇❛r❡ Pr♦❞✉❝t
▲✐♥❡s ✇✐t❤ ❋❡❛t✉r❡ ◆❡ts✳ ■♥✿ ❇❛rt❤❡✱ ●✳✱ P❛r❞♦✱ ❆✳✱ ❙❝❤♥❡✐❞❡r✱ ●✳ ✭❡❞s✳✮ ❙❊❋▼✳
▲◆❈❙✱ ✈♦❧✳ ✼✵✹✶✱ ♣♣✳ ✸✶✽✕✸✸✸✳ ❙♣r✐♥❣❡r ✭✷✵✶✶✮✳ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴✾✼✽✲✸✲✻✹✷✲
✷✹✻✾✵✲✻❴✷✷

✸✺✳ ❙❝❤♦❜❜❡♥s✱ P✳✱ ❍❡②♠❛♥s✱ P✳✱ ❚r✐❣❛✉①✱ ❏✳❈✳✱ ❇♦♥t❡♠♣s✱ ❨✳✿ ❋❡❛t✉r❡ ❉✐❛❣r❛♠s✿
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✷✵ t❡r ❇❡❡❦✱ ❈❧❡❞♦✉✱ ❍❡♥♥✐❝❦❡r✱ Pr♦❡♥ç❛

❆ Pr♦♦❢s

❚❤❡♦r❡♠ ✶✳ ▲❡t S ❜❡ ❛♥ ❢❙②s ✇✐t❤ ❢❡❛t✉r❡ ♠♦❞❡❧ fm✱ ❧❡t ❢st ❜❡ ❛♥ ❢❙❚❙✱ ❛♥❞
❧❡t p ∈ JfmK ❜❡ ❛ ✈❛❧✐❞ ♣r♦❞✉❝t✳ ❚❤❡♥✿

❢st[S]p = ❢st
p[Sp].

Pr♦♦❢✳ ❇♦t❤ ▲❚❙s s❤❛r❡ t❤❡ s❛♠❡ str✉❝t✉r❡ ❢r♦♠ S✿ t❤❡ st❛t❡ s♣❛❝❡ Q✱ t❤❡ ✐♥✐t✐❛❧
st❛t❡s I✱ ❛♥❞ t❤❡ s②st❡♠ ❧❛❜❡❧s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ ❜♦t❤ s②st❡♠s ❛r❡
❛ s✉❜s❡t ♦❢ t❤❡ ✐♥❞✉❝❡❞ s❡t ♦❢ s②st❡♠ tr❛♥s✐t✐♦♥s E ❢r♦♠ S✳ ■t r❡♠❛✐♥s t♦ s❤♦✇
t❤❛t E1 = E2✱ ✇❤❡r❡ E1 ⊆ E ✐s t❤❡ s❡t ♦❢ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ✜rst ▲❚❙ ❛♥❞ E2 ⊆ E
t❤❡ ♦♥❡ ♦❢ t❤❡ s❡❝♦♥❞✳

▲❡t γ ❜❡ t❤❡ tr❛♥s✐t✐♦♥ ❝♦♥str❛✐♥t ♦❢ ❢st[S] ❛♥❞✱ ❢♦r ❡❛❝❤ i ∈ N ♦❢ S✱ γi

❜❡ t❤❡ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ❝♦♥str❛✐♥t ♦❢ Ai✳ ❆❧s♦ r❡❝❛❧❧ t❤❛t γ̂(q
(S,a,R)
−−−−−→ q′) =

∧

i∈(S∪R) γi(qi
(S,a,R)
−−−−−→Ai

q′i)✱ S = (N , (Ai)i∈N )✱ ❛♥❞ Sp = (N , (Api )i∈N )✳ ❚❤❡
s❡t ♦❢ tr❛♥s✐t✐♦♥s ♦❢ S ❛♥❞ ❢r♦♠ Sp ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✿

✕ E = {q
(S,a,R)
−−−−−→ q′ | ∀i∈(S∪R) · qi

a
−→Ai

q′i, ∀j∈N\(S∪R) · qj=q′j}

✕ E[Sp] = {q
(S,a,R)
−−−−−→ q′ | ∀i∈(S∪R) ·[qi

a
−→Ai

q′i ∧ p |= γi(qi
a
−→Ai

q′i)], ∀j∈N\(S∪R) ·qj=q′j}

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t E1 = E2✳ ❇② ❞❡✜♥✐t✐♦♥✱ E2 = {t ∈ E[Sp] | t |= ❢st
p}✱ ❛♥❞✿

E1

{❜② ❞❡❢✳} = {t ∈ E | p |= γ(t)}

= {t ∈ E | p |= [γ̂(t) ∧ χP (❢st,t)]]}

= {t ∈ E | [p |= γ̂(t)] ∧ [p |= χ
P (❢st,t)]}

= {t ∈ E | [p |= γ̂(t)] ∧ [p ∈ JfmK] ∧ [t |= ❢st
p]}

{p ∈ JfmK} = {t ∈ E | [p |= γ̂(t)] ∧ [t |= ❢st
p]}

{✉♥❢♦❧❞✐♥❣ E✱ E[Sp]✱ γ̂} = E2 ⊓⊔

▲❡♠♠❛ ✶✳ ❋♦r ❛❧❧ ♣r♦❞✉❝ts p ✐t ❤♦❧❞s✿ [♣r♦❞(J , a, q)] r❝♣(J, a)@q ✐s ❛♥ ❢❘❡q ❢♦r
❢st[S] ❛♥❞ p |= ♣r♦❞(J, a, q) ✐✛ p ∈ JfmK ❛♥❞ r❝♣(J, a)@q ✐s ❛ ❘❡q ❢♦r ❢st[S]p✳

Pr♦♦❢✳ ✭⇒)✿ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦❞(J, a, q) ✭✐♥ ♣❛rt✐❝✉❧❛r ♦❢ χP (❢st,J,a) ❛♥❞ χP (q)✮✱
|= ♣r♦❞(J, a, q) → fm✳ ❍❡♥❝❡✱ p |= ♣r♦❞(J, a, q) ✐♠♣❧✐❡s p ∈ JfmK✳ ❇② ❛ss✉♠♣t✐♦♥✱
✇❡ ❦♥♦✇ t❤❛t q ✐s ❛ r❡❛❝❤❛❜❧❡ st❛t❡ ♦❢ ❢st[S] ❛♥❞ p |= χ

P (q)✱ ✐✳❡✳ p ∈ P (q)✳
❚❤❡r❡❢♦r❡✱ q ✐s ❛ r❡❛❝❤❛❜❧❡ st❛t❡ ♦❢ ❢st[S]p. ▼♦r❡♦✈❡r✱ ✇❡ ❦♥♦✇ t❤❛t ∅ 6= J ⊆ N
❛♥❞ ∀j∈J ·a ∈ Σ!

j ∧a ❡♥Aj
@qj ✳ ❙✐♥❝❡✱ ❜② ❛ss✉♠♣t✐♦♥✱ p |= ❢❡(J, a, q)✱ t❤❡r❡ ❡①✐sts

✐♥ ❡❛❝❤ Aj ❛ tr❛♥s✐t✐♦♥ tj st❛rt✐♥❣ ✐♥ qj ✇✐t❤ ❛❝t✐♦♥ a s✉❝❤ t❤❛t p |= γj(tj)✳
❍❡♥❝❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦❥❡❝t✐♦♥✱ a ❡♥Ap

j
@qj ❢♦r ❛❧❧ j ∈ J ✳ ❋✐♥❛❧❧②✱ ✇❡ ❦♥♦✇

t❤❛t p |= χ
P (❢st,J,a)✳ ❚❤❡r❡❢♦r❡✱ ❢st(p, a) = (s, r) ⇒ |J | ∈ s ∧ 0 /∈ r✳ ❙✐♥❝❡

❢st
p(a) = ❢st(p, a) ✇❡ ❣❡t ❢stp(a) = (s, r) ⇒ |J | ∈ s ∧ 0 /∈ r✳ ❚❤✉s✱ r❝♣(J, a)@q ✐s

❛ ❘❡q ❢♦r t❤❡ ❊❚❆ ❢st
p[Sp] ✇❤✐❝❤✱ ❜② ❚❤❡♦r❡♠ ✶✱ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❢st[S]p✳

✭⇐✮✿ ▲❡t p ∈ JfmK ❛♥❞ r❝♣(J, a)@q ❜❡ ❛ ❘❡q ❢♦r ❢st[S]p ✇❤✐❝❤ ✐s t❤❡ ❊❚❆
❢st

p[Sp]✳ ❚❤❡♥ q ✐s ❛ r❡❛❝❤❛❜❧❡ st❛t❡ ♦❢ ❢st[S]p ❛♥❞ t❤❡r❡❢♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ❢❚❙



❋❡❛t✉r❡❞ ❚❡❛♠ ❆✉t♦♠❛t❛ ✷✶

♣r♦❥❡❝t✐♦♥✱ q ✐s r❡❛❝❤❛❜❧❡ ✐♥ ❢st[S] ❜② tr❛♥s✐t✐♦♥s ✇❤♦s❡ ❝♦♥str❛✐♥ts ❛r❡ s❛t✐s✜❡❞
❜② p✳ ❍❡♥❝❡✱ q ✐s ❛ r❡❛❝❤❛❜❧❡ st❛t❡ ♦❢ ❢st[S] ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ P (q)✱ ✐✳❡✳ p |= χ

P (q)✳
❋✉rt❤❡r♠♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ❘❡qs ✇❡ ❦♥♦✇ t❤❛t ∅ 6= J ⊆ N s✉❝❤ t❤❛t

∀j∈J · a ∈ Σ!
j ∧ a ❡♥Ap

j
@qj ❛♥❞ ❢st

p(a) = (s, r) ⇒ |J | ∈ s ∧ 0 /∈ r✳ ❋r♦♠

a ❡♥Ap

j
@qj ❢♦r ❛❧❧ j ∈ J ✐t ❢♦❧❧♦✇s✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦❥❡❝t✐♦♥✱ t❤❛t ✐♥ ❡❛❝❤ Aj

t❤❡r❡ ❡①✐sts ❛ tr❛♥s✐t✐♦♥ tj st❛rt✐♥❣ ✐♥ qj ✇✐t❤ ❛❝t✐♦♥ a s✉❝❤ t❤❛t p |= γj(tj)✳
❚❤❡r❡❢♦r❡✱ a ❡♥Aj

@qj ❢♦r ❛❧❧ j ∈ J ❛♥❞ p |= ❢❡(J, a, q)✳
❙✐♥❝❡ ❢st

p(a) = (s, r) ⇒ |J | ∈ s ∧ 0 /∈ r ❛♥❞ ❢st
p(a) = ❢st(p, a)✱ ✇❡ ❣❡t t❤❛t

p ∈ P (❢st, J, a)✳ ❚❤✉s p |= χ
P (❢st,J,a)✳

■♥ s✉♠♠❛r②✱ p |= ♣r♦❞(J, a, q) ❛♥❞ [♣r♦❞(J , a, q)] r❝♣(J, a)@q ✐s ❛♥ ❢❘❡q ❢♦r
❢st[S]✳ ⊓⊔

▲❡♠♠❛ ✷✳ ▲❡t [ψ] r❝♣(J, a)@q ❜❡ ❛♥ ❢❘❡q ❢♦r t❤❡ ❢❊❚❆ ❢st[S]✳ ❚❤❡♥✿




❢st[S] ✐s ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥t

✇✐t❤ [ψ] r❝♣(J, a)@q



⇔





∀p⊆F ✇✐t❤ p|=ψ · ∃R 6=∅ ❛♥❞ q′∈Q·

q
(J,a,R)
−−−−→❢st[S] q

′ ❛♥❞ p |= γ(q
(J,a,R)
−−−−→❢st[S] q

′)





Pr♦♦❢✳ (⇒)✿ ❙✐♥❝❡ ❢st[S] ✐s ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥t✱ t❤❡r❡ ❡①✐sts n ≥ 1 ❛♥❞ ❢♦r k =

1, . . . , n t❤❡r❡ ❡①✐st tr❛♥s✐t✐♦♥s tk = q
(J,a,Rk)
−−−−−→❢st[S] q

k ✇✐t❤ Rk 6= ∅ s✉❝❤ t❤❛t

|= ψ →
∨

k∈{1,...,n} γ(t
k). ▲❡t p ⊆ F ❜❡ ❛ ♣r♦❞✉❝t s✉❝❤ t❤❛t p |= ψ✳ ❚❤❡♥

p |=
∨

k∈{1,...,n} γ(t
k). ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts i ∈ {1, . . . , n}, Ri 6= ∅ ❛♥❞ qi ∈ Q s✉❝❤

t❤❛t q
(J,a,Ri)
−−−−−→❢st[S] q

i ❛♥❞ p |= γ(q
(J,a,Ri)
−−−−−→❢st[S] q

i)✳

(⇐)✿ ▲❡t {p1, . . . , pn} ❜❡ t❤❡ s❡t ♦❢ ♣r♦❞✉❝ts ✇❤✐❝❤ s❛t✐s❢② ψ✳ ❚❤✐s s❡t ✐s ✜♥✐t❡✱
s✐♥❝❡ F ✐s ✜♥✐t❡✱ ❛♥❞ ♥♦♥❡♠♣t②✱ s✐♥❝❡ ψ ✐s s❛t✐s✜❛❜❧❡✳ ❋♦r ❡❛❝❤ k = 1, . . . , n ✇❡

❝❛♥ ❝❤♦♦s❡✱ ❜② ❛ss✉♠♣t✐♦♥✱ ❛ tr❛♥s✐t✐♦♥ tk = q
(J,a,Rk)
−−−−−→❢st[S] q

k ✇✐t❤ Rk 6= ∅ s✉❝❤

t❤❛t pk |= γ(tk). ❚❤❡r❡❢♦r❡ |= ψ →
∨

k∈{1,...,n} γ(t
k) ❛♥❞ t❤✉s ❢st[S] ✐s ❢❡❛t✉r❡❞

❝♦♠♣❧✐❛♥t ✇✐t❤ [ψ] r❝♣(J, a)@q✳ ⊓⊔

❚❤❡♦r❡♠ ✷✳ ▲❡t S ❜❡ ❛♥ ❢❙②s ✇✐t❤ ❢❡❛t✉r❡ ♠♦❞❡❧ fm✱ ❧❡t ❢st ❜❡ ❛♥ ❢❙❚❙✱ ❛♥❞
❧❡t ❢st[S] ❜❡ ✐ts ❣❡♥❡r❛t❡❞ ❢❊❚❆✳ ❚❤❡♥✿

[

❢st[S] ✐s ❢❡❛t✉r❡❞ ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡
]

⇔

[

∀p∈JfmK · ❢st[S]
p ✐s ✭✇❡❛❦❧②✮ r❡❝❡♣t✐✈❡

]

Pr♦♦❢✳ ❲❡ ♣❡r❢♦r♠ t❤❡ ♣r♦♦❢ ❢♦r r❡❝❡♣t✐✈❡♥❡ss✳ ❚❤❡ ❝❛s❡ ♦❢ ✇❡❛❦ r❡❝❡♣t✐✈❡♥❡ss
✐s ♠♦r❡ t❡❝❤♥✐❝❛❧ ❜✉t ❝❛♥ ❜❡ ♣r♦✈❡♥ ❛❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ✭❜② ✉s✐♥❣ s❡q✉❡♥❝❡s ♦❢
tr❛♥s✐t✐♦♥s ❛♥❞ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✷✮✳

(⇒)✿ ▲❡t p ∈ JfmK ❛♥❞ ❧❡t r❝♣(J, a)@q ❜❡ ❛♥ ❛r❜✐tr❛r② ❘❡q ❢♦r ❢st[S]p✳
❚❤❡♥✱ ❜② ▲❡♠♠❛ ✶✱ [♣r♦❞(J , a, q)] r❝♣(J, a)@q ✐s ❛♥ ❢❘❡q ❢♦r ❢st[S] ❛♥❞ p |=
♣r♦❞(J, a, q)✳ ❇② ❛ss✉♠♣t✐♦♥✱ ❢st[S] ✐s ❢❡❛t✉r❡❞ r❡❝❡♣t✐✈❡ ❛♥❞ t❤✉s ❢❡❛t✉r❡❞ ❝♦♠✲
♣❧✐❛♥t ✇✐t❤ t❤✐s ❢❘❡q✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✷✱ t❤❡r❡ ❡①✐st R 6= ∅ ❛♥❞ q′ ∈ Q

s✉❝❤ t❤❛t q
(J,a,R)
−−−−→❢st[S] q

′ ❛♥❞ p |= γ(q
(J,a,R)
−−−−→❢st[S] q

′)✳ ❍❡♥❝❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢

❢❊❚❆ ♣r♦❥❡❝t✐♦♥✱ q
(J,a,R)
−−−−→❢st[S]p q

′✳ ❚❤✐s s❤♦✇s t❤❛t ❢st[S]p ✐s ❝♦♠♣❧✐❛♥t ✇✐t❤
r❝♣(J, a)@q✳ ❙✐♥❝❡ r❝♣(J, a)@q ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ ❢st[S]p ✐s r❡❝❡♣t✐✈❡✳



✷✷ t❡r ❇❡❡❦✱ ❈❧❡❞♦✉✱ ❍❡♥♥✐❝❦❡r✱ Pr♦❡♥ç❛

(⇐)✿ ▲❡t [♣r♦❞(J , a, q)] r❝♣(J, a)@q ❜❡ ❛♥ ❛r❜✐tr❛r② ❢❘❡q ❢♦r ❢st[S]✳ ▲❡t p ❜❡
❛♥ ❛r❜✐tr❛r② ♣r♦❞✉❝t s✉❝❤ t❤❛t p |= ♣r♦❞(J, a, q)✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✶✱ p ∈ JfmK
❛♥❞ r❝♣(J, a)@q ✐s ❛ ❘❡q ❢♦r ❢st[S]p✳ ❇② ❛ss✉♠♣t✐♦♥✱ ❢st[S]p ✐s ❝♦♠♣❧✐❛♥t ✇✐t❤

t❤✐s ❘❡q✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐st R 6= ∅ ❛♥❞ q′ ∈ Q s✉❝❤ t❤❛t q
(J,a,R)
−−−−→❢stp[S] q

′. ❇②

❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦❥❡❝t✐♦♥✱ q
(J,a,R)
−−−−→❢st[S] q

′ ❛♥❞ p |= γ(q
(J,a,R)
−−−−→❢st[S] q

′)✳ ❚❤❡♥✱
❜② ▲❡♠♠❛ ✷✱ ❢st[S] ✐s ❢❡❛t✉r❡❞ ❝♦♠♣❧✐❛♥t ✇✐t❤ [♣r♦❞(J , a, q)] r❝♣(J, a)@q✳ ❙✐♥❝❡
t❤❡ ❢❘❡q ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ ❢st[S] ✐s r❡❝❡♣t✐✈❡✳ ⊓⊔
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