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Theorem 1. Vi 1<i< 1T suchthat i, I €N;I>2andax;, X €{0,1}:
An inequality

is equivalent to the equality X = VI_z;

Proof. Follows from Lemma [I] and Lemma O

Lemma 1. Vi 1<4 <17 suchthati, I € N;I>2andx;,X € {0,1}:
If inequality

~

I I
! Z 7 < X < Z x;
i=1 i=1
is valid, then
X =Vl
Proof. Let us consider two complementary cases:

Case1: V¢ 1<:<I 1N z;=0 (2)

Case2: 35 1<j<I jeN z;=1 (3)

In Case 1, from it follows that Ele z; = 0, which in turn means that
%Zle x; = 0. Then according to , 0 € X < 0 which means that X = 0. But
from the assumption of the case, it also holds that \/Z-Izla:i = 0 — therefore X = \/iI:l:ci.

In Case 2, from it follows that 1 < Zle x; < I and therefore,
0< 1< 1S 2 <1. Combining this with Equation (I)) and the fact that X € {0,1},
we obtain that X = 1. Additionally, as vile x; = 1, therefore, also in this case,
X = \/Z-Izlﬂfi.

Therefore, in all cases, X = \/{lei. O

Lemma 2. Vi 1< <17 suchthati,] € N;I>2andz;,X €{0,1}
If

X = \/7{:1.%1'

then inequality

~l =

I I
in <X < Zﬂﬁz
i=1 i=1



is valid.

Proof. Again, we explore two complementary cases:

Case 1: Vi 1<i<I €N z;=0 (4)

Case2:35 1<j<I jeN z;=1 (5)

In Case 1, from follows that Zfil z; = 0 and consequently %25:1 z; = 0.
According to definition of X and , X = 0. Therefore inequality is valid in

Case 1.
In Case 2, from (5) follows that ZiI:1 x; > 1 and %Zfil x; > 0. According to
definition of X and (5)), X = 1. Therefore inequality is valid for Case 2 as well.
Hence, in all cases, inequality holds. ]



Theorem 2. Vz, X,s € Z such that X >=0; 0<z<X; s€{0,1}:
An equality

s = sign(z) (6)
is equivalent to a double inequality

s<z<s-X (7)
Proof. Follows from Lemma [3] and Lemma O

Lemma 3. Vz,X,s € Z such that X >=0; 0<z<X; s€{0,1}:
If the equality in Equation @

s = sign(x)
holds, then the inequality in Equation
s<zx<s-X

is valid.

Proof. Let us consider two complementary cases that comply with the definition of
x:

Casel: z=0 (8)

Case2: >0 9)

In Case 1, from Equation @ it follows that s = sign(0) = 0, thus, the inequality in
Equation holds

0<x<0-X
Since xz € Z, Case 2 inequality in Equation @D can be equivalently rewritten as
1 < z. On the other hand, s = sign(x) = 1, hence, the inequality in Equation
holds

1<x<1-X

Therefore, in all the cases the inequality in Equation is valid. ]

Lemma 4. Vz,X,s € Z such that X >=0; 0<z<X; s€{0,1}:
If the inequality in Equation (7))

s<xr<s-X



is valid, then the equality in Equation @
s = sign(z)

holds.

Proof. Again, we explore two complementary cases constructed based on the defini-
tion of x, that were presented in Equation and Equation @:

Casel: =0

Case2: >0
In Case 1, the inequality in Equation can be reduced to
s<0<s-X
In this case, the only acceptable value of s € {0, 1} would be
s =0 = sign(0) = sign(z)

Thus, the equality in Equation @ holds in Case 1.
Since x € Z, Case 2 inequality in Equation @D can be equivalently rewritten as

1<z
Since s € {0, 1}, the only value
s =1=sign(x)
would make the inequality in Equation (7)) valid
1<z <X

Hence, the equality in Equation @ holds in Case 2 as well. O



Theorem 3. Vi 1< i <1Tsuchthat i, I €N;>2andax;, X €{0,1}
The inequality

—7+ Z <X <= Zx, (10)

is equivalent to the equality
X = AI —1Ti

Proof. Follows from Lemma [5] and Lemma [6] O

Lemma 5. Vi 1< <1 suchthati,] € N;I>2and z;, X € {0,1}
If inequality

is valid, then

Proof. Let us consider two complementary cases:

Case1: V¢ 1<i<I €N z;=1 (11)

Case2:35 1<j<I jeN z;=0 (12)

In Case 1, from it follows that Zi[:l x; = I and consequently %Ele T, =
1, —I];l—f—% ZiI:l T; = % > (. Via substitution to we then obtain 0 < X < 1, which
means that X = 1. Additionally, it holds that /\Z-Izlxi = 1 — therefore X = /\lemi.

In Case 2, from (12) it follows that 27, 2; < I and consequently 0 < %Zi]:l x; <

1, =41 Z 1T S 0. Via substitution to ([10}) we obtain 0 < X < 1, which means
that X = () Additionally it holds that /\121% = 0 — therefore X = /\;’lei.
Therefore, in all cases, X = /\ —1;. OJ

Lemma 6. Vi 1 <4 <17 suchthati, ] € N;I>2and x;,X € {0,1}
If

then inequality

I-1 1

I 1 I
T "‘IilCUiSXSI;TEi
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is valid.

Proof. Let us consider two complementary cases:

Case 1:' Vi 1<i<I 1€eN z;=1 (13)
Case2:35 1<j5j<I jeN z;=0 (14)
In Case 1, from it follows that X = 1, —I%l + %25:1 T = % < 1, and

%Zi[zl x; = 1. Therefore in this case is valid.
In Case 2, from it follows that X = 0, —L=% + %Zfil z; < 0,and 0 <

I _—
%Zi[zl x; < 1. Therefore (10 is valid for this case as well.
Therefore inequality (10]) holds in all cases. O



Theorem 4. Vi 1<1i<1TI suchthat:, I €N;I>2andx;,y,Z € {0,1}:

The inequality

I
1 I—-1 1 1 1
QX(_I+IXZ51xZ+y)_2><< YX E l‘l‘i‘y

is equivalent to the equality
_ (AT
Z = (Ni_yzi)Vy

Proof. Follows from Lemma [7] and Lemma

Lemma 7. Vi 1<i <1 suchthati, I €N;I>2andux;,y,Ze€{0,1}:
If inequality

is valid, then equality

holds.

(15)

(16)

Proof. For the sake of brevity, we denote the left-hand expression and the right-hand

expression of the double inequality as L and R respectively:

1

1 1 1
L=ty tizt ! )
3 < (07 —i—Ix;x—i—y) 2% 1

Let us consider two complementary cases:

Case 1: Vi 1<i¢<I] ¢1eN z;=1

Case2:dj 1<j<I jeN z;=0

In Case 1, from it follows that Zi[:l x; = I and consequently

I
> wi=
i=1

~| =

(17)



Hence, from Equation

1 I—-1 1

L=gx =14ty - 557
lx(—f—i-l—i-f y)— 1 _

2 I 2x 1

1 1 1

SRV 2 v

Therefore,

Vi 1<i<] 1eN z;=1

1 1 1
L=- — — 22
5 X (719 — 57 (22)
From Equation (18]) and Equation (21)) we get
R=1+y (23)

We can substitute the left-hand side and the right-hand side of the double inequal-
ity with the right-hand sides of Equation and Equation respectively:

Vi 1<i<] 1N z;=1:
1

1 1
- - <z<1 24
2><(I+y) 5] ~Z=1l+y (24)

Inside Case 1, we can consider two complementary subcases:

Vi 1<i<I i1eéN z;=1
Case 1.0: y=0
Case 1.1: y=1

(25)
In Case 1.0, we can rewrite Equation by substituting y with 0:
1 1 1
- X(=40)———<Z2<1+40 —
g GO - gsts
0<z<1 (26)

By the definition, Z is a binary value Z € {0,1}, therefore, Equation specifies
that Z = 1. Notice, that

Vi 1<i<I ieN z;=1, y=0
(N_jz)vy=1vo=1 (27)

Therefore, in Case 1.0, Z = (Al_;z;) Vy =1 and Lemmalﬂ is valid.



In Case 1.1, we substitute y with 1 in Equation :

1><(1~|—1) ! <Z<1+1 =
2 I 2x1 -
I+1 1
— 7 <2 <—
2x 1T 2><I< -
1
5 <Z<2 (28)

Since Z can have only two possible values, 0 or 1, Equation specifies that Z = 1.
Given that

Vi 1<i<I ieN z;=1, y=1
(AN_jz)vy=1vi=1 (29)

Z = (A_,z;) Vy = 1. Hence, in Case 1.1, Lemma holds as well.
In Case 2, from Equation we know that 0 < Zfil x; < I and consequently

I
1

From Equation and Equation we get the following bounds on the left-hand
expression of the double inequality ([15) marked as L.

I-1 I-1

1 1
A S SIS SR S U VR A S STIPR
TR SRR A sve TR ol Sy st iy
1 I—1 1 1 —T41+1 1
S (- _ <[ <= _ —
TR S vy R W o
1 I—1 1 11 1
LN S S S S S SV SR 31
T R vy A R G s Vit evy (31)

To construct the bounds for the right-hand expression of the double inequality
(marked as R) we use Equation and Equation (30):

0+y<R<1l+y
y<R<1+y (32)

Inside Case 2, we consider the following complementary subcases:

Jj 1<;j<I jeN z;=0
Case 2.0: y=0
Case 2.1: y=1
(33)

In Case 2.0, we substitute y with its value 0 in Equation to get the bounds on

10



the left-hand side L of the double inequality :

1 I-1 1 11 1
y X 0 g sl (G0 - 557
It1-1 1 1
iUk b BP -
2x1 - <2><I 2x1 —
1
—5<L<0 (34)

For the right-hand side R of the double inequality , we substitute y with 0 in
Equation :

0<R<1+0
0<R<1 (35)

From Equation L e [—%,0) and from Equation R € [0,1) (see Figure [1).
From the double inequality Z € (L, R], hence its value should be somewhere
on the right side of 0 (included) and on the left side of 1 (excluded). Given that by
definition Z € {0, 1}, the only value that meets for all the constraints is Z = 0. Notice,

that the value Z = 1 violates Equation (35)) (R € [0,1)) and the double inequality
(Z € (L, R]). By checking Equation (|16)):

L R
_1 0 1
2
Figure 1. Determining the value of Z in Case 2.0
dj 1<;<I jeN z;=0, y=0
(AN_jz)vy=0v0=0 (36)

Z = /\lexi) V y = 0, hence Lemma [7| holds in Case 2.0.
In Case 2.1, y is substituted with 1. By doing this in Equation we get the
bounds for the left-hand side L of the double inequality :

1 I—1 1 11 1
LV A S A S S S RV ST A
p Xt g s <y x (Gt -5
L1+l 1 41 ] —
2% 1 ox I =" S9xT 2x1
1
0<L<y (37)

For the right-hand side R of the double inequality we substitute y with 1 in
Equation :

y<R<1l+4y
1<R<2 (38)

11



From Equation L € [0,3) and from Equation R € [1,2) (see Figure .
According to the double inequality Z € (L, R], the value of Z has to be somewhere
on the right side of 3 (excluded) and on the left side of 1 (included). By definition,
Z can be either 0 or 1, therefore, Z = 1 is the only value that can satisfy all the
constraints. Notice, that the value Z = 0 is not eligible since it violates Equation (37)
(L €10, 3)) and the double inequality (Z € (L, R]). Let us check Equation

L R

© —

o

1

ol -

Figure 2. Determining the value of Z in Case 2.1

dj 1<;<I jeN z;=0, y=1
(AN_jz)vy=0vi=1 (39)
Z € {0,1}, from double inequality 7 € (L, R] Hence, Lemma [7] is also valid in

Case 2.1.
Thus, we showed that Lemma[7] holds in all subcases within Case 1 and Case 2. [

Lemma 8. Vi 1< i< 1T suchthati, I €N;I>2andux;,y,Z€{0,1}:
If the equality

holds, then the inequality

1

I
1 I-1 1 1 1
2X(—I+IX;$Z+Z/)—M<ZSIXZ$1+ZJ

=1
is valid.

Proof. Let us consider the boolean expression (/\Z-Izlxi) V y in the right-hand side
of Equation as a disjunction of the boolean expression /\ilzla:i and the binary
variable y, for the sake of applying Theorem (1| In the formulation of the theorem, we
substitute X with Z and I = 2 terms of the disjunction z;, xs with /\lexi and vy,
hence the following bounds on the boolean expression (AL_;x;) V y are derived:

1
5% ((Weam) +y) <2 < (Mym) +y (40)

Notice, that according to Theorem

1

I

I—-1 1 1

-7 + 72" < Aymi < 7 Zﬂfz (41)
i=1 =1

subject to the substitution of X with /\1'1:1331' in the formulation of the theorem.

12
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Let us consider the left-hand inequality of the double inequality

x ((Wm) +y) <2 (42)

and the left-hand inequality of the double inequality

——+ Zmz</\ L (43)

The right-hand side of Equation appears in the left-hand side of Equation .
Therefore, we can substitute the right-hand side of Equation into the left-hand

side of Equation :

1 1
5 % ——+ E zi+y) < 5 X <( ,1xz)+y) <z —
I
1 I-1 1
(2 S wy) <7 44

By subtracting a positive number (2X 7) from the left-hand side of Equation (44) we
can make the corresponding non-strict inequality strict:

1

Let us consider the right-hand inequality of the double inequality
Z < (Nom) +y (46)

and the right-hand inequality of the double inequality

1
1
/\@'Izlxi < T Z x; (47)
=1

The right-hand side of Equation can be found in the left-hand side of Equa-
tion . Thus, we substitute the right-hand side of Equation into the left-hand

side of Equation .

Z < (N_jz) +

N\H

I
Z —
1 i1
Z (48)

N\H

13



One can combine the inequality and the inequality into a double inequality

% ——+ Zmﬁy —<Z Z ity (49)

which is exactly the same as Equation in the formulation of Lemma O

14
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