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Abstract

It has been widely studied how to schedule real-time tasks on multiprocessor platforms. Several studies find optimal
scheduling policies for implicit deadline task systems, but it is hard to understand how each policy utilizes the two
important aspects of scheduling real-time tasks on multiprocessors:inter-job concurrency and job urgency. In this paper,
we introduce a new scheduling policy that considers these two properties. We prove that the policy is optimal for the
special case when the execution time of all tasks are equally one and deadlines are implicit, and observe that the policy
is a new concept in that it is not an instance of Pfair or ERfair. It remains open to find a schedulability condition for
general task systems under our scheduling policy.
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Abstract—It has been widely studied how to schedule real- ‘“inter-job concurrency” to prioritize jobs.
time tasks on multiprocessor platforms. Several studies find Handling the trade-off between “job urgency” and “inter-
optimal scheduling policies for implicit deadline task systems, job concurrency” is, in our opinion, the key to efficient

but it is hard to understand how each policy utilizes the two . ; g
important aspects of scheduling real-time tasks on multipro- schedullng on multlprocegsc_)r platforms. This can be ex-
cessors: inter-job concurrency and jOb urgency. In this paper, plalned as fOIIOWS. To maximize the number Of Concurrently
we introduce a new scheduling policy that considers these two executing jobs, it is desirable to delay the finishing time of
properties. We prove that the policy is optimal for the special  jobs so that more unfinished jobs are available for schedul-
case _vvhen the_exe'cgtlon time of all tasks are eq_ually one and ing. For instance, a policy which gives “higher priority
deadllnes_, are |m_p||_C|t, and ot_)serve that the_pollcy is a new to iob ith | . tion time” impl "
concept in that it is not an instance of Pfair or ERfair. It 0,]0 S with longer remal.nlng execution ime= imp emen S
remains open to find a scheduliability condition for general ~ this concept. However, in order to meet hard real-time
task systems under our scheduling policy. requirements it is also important to finish jobs by their
deadlines. For instance, a policy which gives “higher priority
to jobs with earlier deadline” implements this concept.
Therefore, one approach for allowing a trade-off between
Real-time schedulability analysis have been studied fothese concepts would be to simultaneously consider the
achieving predictability on satisfying timing constraints. In remaining execution time and deadline of jobs.
particular, scheduling policies for uniprocessor have been In this work, we first consider a simple and intuitive
extensively studied. EDF [1] and DM [2] are optimal scheduling policy based on the above discussion (called
dynamic- and static-priority scheduling policies for preemp-Dynamic Density First (DDF) The dynamic density of
tive scheduling of periodic and sporadic tasks, respectivelya job is defined as its remaining execution time divided
While uniprocessor scheduling has matured over yeardyy the time to deadline. Note that this parameter changes
finding optimal scheduling policies for general task systemsontinuously over a job’s lifetime. DDF assigns a higher
on multiprocessor platforms is still an open problem. Somepriority to a job with a larger dynamic density. However,
studies (e.g., [3], [4], [5]) focused on adapting existingwe observed that such a simple (and in some sense crude)
uniprocessor scheduling to multiprocessor scheduling, buttrategy does not offer a very fine-grained trade-off between
they do not optimally utilize the processing capacity. This isurgency and concurrency. For example, consider two jobs;
because uniprocessor policies are not designed to efficientiyne with a higher dynamic density and a longer time to
handle concurrent executions. Several other studies (e.gleadline, and the other with a lower dynamic density but a
[6], [7], [8], [9], [10], [11]) have been introduced that shorter time to deadline. As DDF will schedule the former
generate optimal schedules for implicit deadline task systemmb, it could lead to a situation where the latter job misses
on multiprocessor platforms, but some of these algorithmsts deadline eventually. Therefore, it entails another more
suffer from high preemption overhead. Further, none ofrefined scheduling strategy.
them is able to preserve optimality for more general task In this paper, we introduce a new scheduling policy
systems (such as constrained deadline task systems). W&tending DDF. We observe and prove that DDF is an
believe this limitation in the state-of-art arises from theoptimal multiprocessor scheduler for implicit deadline tasks,
fact that it is difficult to understand how existing policies when their execution times are all equally one. DDF is
treat some of the important aspects of scheduling real-timaot optimal for general tasks with arbitrary execution times
tasks on multiprocessor platforms. Therefore, in this papehowever. Looking at how DDF fails to schedule such general
we design a novel scheduling policy that clearly differstasks, we observe that some jobs are executed earlier than
from existing policies in this regard. That is, it explicitly they should be. Its implication is that an optimal schedule
uses important aspects of scheduling like “job urgency” ancdcan be obtained from a DDF schedule if we can delay the

I. INTRODUCTION



execution of “some” jobs. Reflecting this, we introduce acase of no new arrival of jobs. Second, we prove that the
new scheduling policy called LADD (Lagging And Dynamic system dynamic density at any timiecannot exceean in
Density). A job is said to bdagging if it has a longer spite of arrival of new jobs.

remaining execution time when compared to some nominal The first lemma shows that if remaining time to deadline
value (we describe this nominal value later in the paper)of all jobs are identical, then the system dynamic density
In LADD, jobs are classified into two groups: a group of cannot increase in case of no new arrival of jobs.

lagging jobs and another group of non-lagging jobs. All jobs Lemma 1:Assume that the following conditions: (A4) re-
in the lagging group have a higher priority than those inmaining time to deadline of all active jobsgtare identical
the non-lagging group. Further, jobs in the same group ar€i.e,, D;(ty) = D(to)); (A5) the system dynamic density at
scheduled using DDF policy. LADD favors lagging jobs first ¢, is not more thann; and (A6) there is no new arrival of
and then jobs with higher dynamic density; it essentiallyjobs in the intervallto, t1). Then, Dy, (t) < Dsys(to) for
delays the execution of non-lagging jobs. Our goal is toall ¢ € [ty,t1).

investigate the performance of LADD. In this paper, we Proof: We use mathematical induction.

show that for the special case where the execution times (The basis) Att, Dygys(to) < Days(to).

of all tasks are one, LADD produces the same (optimal) (The inductive step) We wish to prove the following: if
schedule as the one by DDF. We are currently working onp_ (¢) < m is true, thenD,,(t + 1) < Dy,.(t). From
finding a schedulability condition for general tasks systems(Ag) and (A4), we deriveD,,(t) = n(t) implying n(t) =

under LADD. Dyys(t) - D(t). Assumingm jobs are  serviced ift, t + 1),

The contributions of this paper are as follows: we ¢ calculaten(t + 1) = n(t) — m. We then have the results
introduce a new scheduling policy that considers both,

concurrency and urgency; we prove the optimality of the
policy for a special task system; and we observe that the
policy is not an instance of Pfair [6] or ERfair [8]. Dyys(t+1) =

elow.

n(t+1)  Dsys(t) - D(t) —m
D(t+1) D(t) -1

< Days(0).

Task Model. We assume a constrained deadline sporadic Here we assumed that jobs are scheduled in the time
task model [12]. In this model, a task is specified as interval [t,¢ + 1). If there are less tham active jobs at,
(T;, C;, D;), whereT; is the minimum separatior}; is the  then there is no active job &t-1. This meand,,,(t+1) =
worst-case execution time requirement, dnds the relative 0 < D,,4(¢), and hence this lemma is always true. =
deadline. We assum€; < D, < T;. A task 7; invokes a
series of jobs, each separated from its predecessor by atWe now wish to show that the above lemma holds even
leastT; time units. We assume that a single job of a taskwhen remaining time to deadline of jobs are different.
cannot be executed in parallel. There areprocessors in  For this purpose, we first show a system dynamic density
the system, and we assume t@{, on i 2D D,,s (named as bounding transformation from a set of jobs with different
the system static density) is not more than deadlines to a set of jobs with identical deadline (Lemma 2).
We useD;(t) and C;(t) to denote the remaining time to Then, in Lemma 3 we prove that Lemma 1 holds even when
deadline and the remaining execution time, respectively, ofob deadlines are different
a job of ; at time¢. The dynamic density of a job af at Lemma 2:Assumek - Z —andD < D for all
t is then specified ag%, and the system dynamic density ;. Then, we can derive thd;t ﬁ > Zw D - for all
s>, g (? £D Dyys(t). We express that a job of isactive 0 <t <D.
att WhenC (t) is non-zero. We denote the number of tasks Proof:
asn, and the number of active jobs atsn(t).
We consider quantum-based (discrete) systems, andthys 1 _, 1, 1 ¢ :Z 1 Z 1t
the schedule is also quantum-based. D—¢ D j > j

Il. OPTIMALITY OF DDFFORC; =1

In this section, we prove that we can schedule any task u
set under the following assumptions: (Al) the task set is
scheduled by DDF; (A2) the system static density is not Lemma 3:Assume (A5) shown in Lemma 1, and suppose
more thanm; and (A3) execution times of all tasks are onethere is no arrival of new jobs ift,¢ + 1). Then, we can
(C; = 1), and thus remaining execution times of all active derive thatD,(t + 1) < Dgys(t).
jobs are also one(j;(t) = 1, V active ; at t). First, we Proof: Without loss of generality, we sort the index of
prove that the system dynamic density does not increase ijobs by remaining time to deadline ats follows.



that there can be less tham active jobs att. |

Di(t) < ... < Dyu(t) < D1 (t) < ... < Dpip(t) (1)

It now remains to prove that Lemma 1 holds even when
new jobs are released in the interval of interest. For this
purpose, we first prove that when the remaining time to
a?eadline of a job ofr; becomes zero, the system dynamic

set: and (c) other new jobs except themost urgent jobs JENSIty is at mosin — gg - The proof technique of the
are the same as the!” urgent job in the original set. Note following lemma is similar to that of Lemma 3.

that, with this transformation, the number of jobs in the new Lemma 4:Assume (A5) in Lemma 1, and suppose there
set at timet is no more than that in the original set. Thus, iS no arrival of new jobs int,¢ + Dy (t)], where Dy (t) is

We construct a set of new jobs satisfying the following:
(a) the system dynamic density iabf the new jobs is same
as that of the original jobs; (b) thee most urgent jobs (as
per DDF) from the new set is the same as that in the origin

the set of new jobs can be expressed as follows. the remaining time to deadline of the most urgent JOb at
t. We denote the number of most urgent jobst as N
D(t) < . < Dip(£) = Dy (£) = .. = Doy (8) (note all have deadline at+ D, (t)). Then we conclude

DsyS(t + Dl(t)) < DsyS(t) - %(t)'
Proof: Without loss of generality, we sort the index of

1 1 / jobs by the remaining time to deadline tat
and — ,n (t) < n(t 2 Jo y g
;D;.(t) > B 0= @

During [t,t + 1) the m most urgent jobs are serviced,
so the system dynami/c density at+ 1 qf the set de-
scribed in Eq. (2) iSZ;L:(2+1 D;(i)—l = D’Znitl)(’t)"il. Here
we know thatD;, ,(t) is equal to or less than any of
Dpyi(t), ..., Dy (t). By Lemma 2, the system dynamic
density att + 1 of the set described in Eq. (2) is not less
than that of the set described in Eq. (1).

We now define another set of new identical jobs as

where D (t) = D1(t), ..., Din(t) = Dy (t)

D1(t) =..= DN(t) < DN+1(t) <...<Z Dm<D1(t)(t)
< D7n~D1(t)+l(t) <..< Dn(t) (t) (4)

We construct a set of new jobs in a similar way to
Lemma 3, as follows:

follows: Di(t) = .. = Di(t) < Div4a(t) < oo < Dippy (1)
= Dppr (41() = oo = Dprey (1),
Di(t) = .. = Di(t) = Dy ir () = oo = Dipey(8), where D' (t) = D1(t), -, Dyt (1) (t) = Doy (1) (#)
n* (t) n(t) n’(t) n(t)
where 3" L = L vrw=n't) @3 ) P —— L_ @) <n)  ©)
2 Din) -~ &= D" T 2 Dit) ~ 2 oy " =

Note these jobs also have the system dynamic density at

t same as that of the original job set. Further, it is easy BY Lemma 2, the system dynamic density/at [¢,¢ +

to see thatDy,,,(t) < D.,.,(t), and thus the system D4 (t)] of the set descrlbe_d in _Eq. (5) is equal to or larger
dynamic density at + 1 of the set described in Eg. (3) than that of th? set described in Eq. (‘_1)- o .
(Zn (t) (1)71) is equal to or larger than that of the We now define another set of new identical jobs similar

j:mH_ bj _ (1) . to Lemma 3, but in this case we do not change Ahenost
Lemma 1 we get,

n(t+1) 1 n’ (t+1) 1 Di(t) =...= Dn(t) < Dyya(t) = ... = Dy 1) (1)
— < e — * *
2 Dj(t+1) = Z Di(t+1) =Dy pj)+1(t) = . = Doy (1),
where D7 (t) = D1 (t), ..., Dn(t) = Dn (%),
1 1 .
<Y < — = , ® n®)
o Dit+1) T o Dit) e Di() and > O => D‘(t),n*(t) =n'(t) (6)
j=1 j=1 "7

and thus we conclude thdd,,(t + 1) is not more than
Dsys(t)l. Similar to Lemma 1, it does not affect the proof

We can calculate the system dynamic density af the

. . *($)— N
1n this lemma, the defined new jobs described in Eq. (2) and (3) maySet described in Eq. (6) by, () = % + %-

have non-integer deadlines, which means a continuous system is aIIoweg)uring [t t+ DT (t)] DT (t) -m jObS are serviced. and thus
) ’ ) L

However, since the worst case @bsys(t + 1) for both discrete and ina U* lcul h d ic d .
continuous systems is not less than that for discrete systems, this lemntSING UZ, . (t), we calculate the system dynamic density at

holds for discrete systems. t + D1 (t) of this set as follows.



i
: _ - D) -m o 0
Usolt+ D10) = T2~ biey 21 i
_ (1) = Di(t) - Uy (t) (U* P i [ i
SRS 4 e
n*(t) — Di(t)-m D () - T
. N 5 -
=005 7ot =l

Using arguments identical to Lemma 3 we can conclude
that D, (t + D1(t)) is equal to or smaller thai,,(t) —
N

Di(t)"

| Deadline misswye
0o 1 2 3 4 5

[ (a) The original task set
: . : . a1 BN B N
Using the previous lemmas, we finally have the following
theorem. T2 - [
Theorem 1:DDF can schedule any task set which satis- 31 [ ] ]
fies (A2) and (A3). ' o a1 e ]
Proof: Assume that the system dynamic density & 7.51 - 1
equal to or less tham. By Lemma 4,D,,,(t+ D (t)) is not - 1 1
more thanD,, (t) — 5. At ¢ + Di(t), we have enough 6 I
slack in the system dynamic density to accommodate the G| - -_
arrival of a new job of task;. Since we assume constrained 0o 1 2 3 4 5

deadline tasks, we then guarantee that the arrival of new jobs
of 71 cannot make the system dynamic density larger than
Since we know the system dynamic density cannot increase Figure 1. Schedule under DDF

without arrival of new jobs from Lemma 3, it is enough to

look at points when remaining time to deadline of any job

becomes zero. Since the system dynamic density at the start ) i )

is not larger thanm (system static density is at most), scheduling failure comes from early executionrofand .

we then guarantee that the system dynamic density nevéfr, we s?bsntute the original set by a new task set where
exceedsn. 71 = 14 = (2,1,2) and other tasks are the same, DDF

At any time, there are at most urgent jobsi(e., C;(t) = produces a feasible schedule as shown in Figure 1(b). Since
Di(#)), and these jobs have the highest priorities. Therefore®Y feasible schedule of the new task set can be used for the

DDF can schedule any task set which satisfies (A2) an(3')riginal task set, we can see that DDF's schedule becomes
(A3) m @ feasible schedule by postponing the executior;0énd

T2.

(b) The alternative task set

A direct corollary of the above theorem is that DDF is To improve DDF, we must answer the question “when
optimal for implicit deadline task systems when executionto delay the execution of jobs and which ones.” For this
time of all tasks are equally one. As an aside, note that foyve consider a parameter called the expected remaining
this specific task system, the schedule generated by DDF xecution time of task; (denoted a&>f (t)). If a job of 7; is
identical to that generated by global EDF. ideally scheduled with a rate (% its remaining execution
time att become<CF (¢), which meansCZ (t) = %-Di(t).

A job is said to belagging if C;(t) is strictly Iafger than
CE(t+1). The intuitive meaning of ¢aggingjob is that if

We have proved in Section Il that DDF is an optimal the job is not serviced ifft, ¢ 4+ 1), its remaining execution
scheduling policy when the execution times of all taskstime becomes larger than its expected remaining execution
are equally one and deadlines are equal to periods. Buime at ¢ + 1. Using this concept of lagging, we now
it can be easily verified that DDF is not optimal without introduce a new scheduling policy called LADD (Lagging
such an assumption on the execution time. Consider a tasknd Dynamic Density). In LADD, we divide jobs into two
system that comprises of seven tasks as follows= = = groups: lagging jobs and non-lagging jobs. At everywe
(14,7,14), s = 14 = 75 = 176 = 77 = (5,1,5). This task  schedulen lagging jobs which have higher dynamic density
set is scheduled on a multiprocessor platform that consistat ¢ (scheduled by DDF). If there are less thanlagging
of two processors. As shown in Figure 1(a), if we applyjobs, we schedule non-lagging jobs also prioritized using
DDF, 7, cannot be scheduled until its deadlihe- 5. This  DDF.

Ill. TOwWARD OPTIMALITY OF LADD



In the following theorem, we prove that a schedule of This work was also partially funded by the Portuguese
LADD is the same as that of DDF for task sets whereScience and Technology Foundation (Furdtagpara a
execution times of all tasks are identically éne Ciéncia e a Tecnologia - FCT) and the European Commis-

Theorem 2:LADD can schedule any task set, which sion through grant ArtistDesign ICT-NoE-214373.
satisfies (A2) and (A3) shown in Section Il.

Proof: Any active jobs at satisfy the following.
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